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AAS 05-338

OPTIMAL RECONFIGURATION OF A TETRAHEDRAL
FORMATION VIA A GAUSS PSEUDOSPECTRAL METHOD

Geoffrey T. Huntington∗and Anil V. Rao†

This paper addresses the problem of determining a minimum-fuel maneuver
sequence to reconfigure a tetrahedral formation. The objective of this work is
to develop a single orbit, minimum-fuel reconfiguration strategy such that, after
reconfiguration, the four spacecraft are able to return to an acceptable tetrahe-
dral configuration in a region of interest near apogee for a period of three weeks
without any required propulsive maneuvers. In the design considered here, an
acceptable tetrahedron is obtained by satisfying several constraints on the shape
and size of the tetrahedron. The optimal reconfiguration problem is posed as a
nonlinear optimal control problem and is solved via direct trajectory optimization
using a method called the Gauss pseudospectral method. The results obtained in
this study provide insight into the structure of the optimal mission design and
demonstrate the generality, computational efficiency, and accuracy of the Gauss
pseudospectral method.

1 INTRODUCTION

Spacecraft formation flying is defined as a set of more than one spacecraft whose states
are coupled through a common control law.1 Formation flying has been identified as an en-
abling technology for many future space missions. In particular, space missions using multiple
spacecraft, as compared with using a single spacecraft, allow simultaneous measurements to
be taken at specific relative locations, thereby improving science return. An important aspect
that is critical to the successful implementation of formation flying missions is trajectory de-
sign (also called path planning or guidance2). An excellent survey of methods used to design
trajectories for formation flying can be found in Ref. 2. Ref. 2 also provides an extensive list
of references on formation flying guidance. Formation flying trajectory design has two main
categories: stationkeeping, i.e. to maintain a specified relative formation between a cluster
of spacecraft for a specified portion of the trajectory and reconfiguration, i.e. to maneuver a
cluster of spacecraft from one formation to a second formation.

A particular class of Earth-orbit formations that have been studied extensively are those
involving four spacecraft.3–8 Four-spacecraft formations are commonly used because they
use relatively few spacecraft while still capable of taking measurements in three-dimensions
at relatively large inter-spacecraft distances (e.g. a spacing of several kilometers). However,
because of complex mission constraints, it is often difficult to determine feasible trajectories
and controls. Because of the already difficult task of determining feasible solutions, it is even
more of a challenge to determine solutions that minimize a specified performance metric
(e.g. trajectories that minimize fuel). In this research we consider the problem of optimally
reconfiguring a four-spacecraft formation from an initial “degraded” formation to a formation
that meets a set of mission constraints in a region of the orbit where it is desired to take
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science measurements. In order to solve this trajectory design problem, the reconfiguration
problem is posed as an optimal control problem. Moreover, the optimal control problem is
nonlinear and has no analytic solutions. Consequently, it is necessary to solve this optimal
control problem numerically.

Several papers have attempted to solve tetrahedral formation optimization problems similar
to the one considered in this paper. Ref. 9 uses a two-step approach that begins with genetic
algorithms and afterwards refines the problem using Lawden’s primer vector theory. Ref. 10
also uses a two-step approach, but combines a direct SQP method with a genetic algorithm.
Ref. 11 employs a three-step approach that uses simulated annealing as its initial step. In
each of these previous works, the problem is separated into pieces where, in general, one
piece optimizes the orbital transfer portion of the trajectory and the other piece optimizes
the relative position constraints in a sequential but separate optimization procedure that uses
the trajectory from the first piece. While dividing the problem into parts and optimizing
each part separately makes the problem more tractable, it also reduces the solution search
space. Contrariwise, in this work the entire problem is formulated as a single unified numerical
optimization procedure.

Numerical methods for solving optimal control problems fall into two general categories:
indirect methods and direct methods. An excellent survey of various numerical methods for
solving optimal control problems can be found in Ref. 12. In an indirect method, the first-order
optimality conditions are derived using the minimum principle of Pontryagin.13 These neces-
sary conditions lead to a Hamiltonian boundary-value problem (HBVP) which is then solved to
determine candidate optimal trajectories called extremal trajectories. In a direct method, the
optimal control problem is discretized at specified time points called collocation points (com-
mon discretization methods used in direct methods include trapezoidal, Hermite-Simpson,
and Runge-Kutta14). The discretized problem is then transcribed to a nonlinear programming
problem (NLP) and the NLP is solved using an appropriate optimization method such as those
described in Ref. 15 and Ref. 16.

In recent years, direct methods have risen to prominence.17,18 The relatively widespread use
of direct methods is because direct methods, as compared to indirect methods, are capable of
solving a much wider range of complex problems. Furthermore, direct methods are superior
to indirect methods in the sense that it is easier to find a solution to the NLP than it is to find
a solution to the associated HBVP. Well-known software packages employing direct methods
include Optimal Trajectories by Implicit Simulation (OTIS),19 Sparse Optimal Control Software
(SOCS),20 Graphical Environment for Simulation and Optimization (GESOP),21 Direct Collocation
(DIRCOL),22 and Direct and Indirect Dynamic Optimization (DIDO).23

A recently developed class of methods that have shown promise in the numerical solution
of optimal control problems are pseudospectral methods.24–29 In a pseudospectral method, the
state and control are approximated using a basis of polynomials.24 Two particular pseudospec-
tral methods that have been previously developed are the Legendre pseudospectral method25,26

and the Chebyshev pseudospectral method.27 It is noted that the Legendre pseudospectral
method has been applied to a wide variety of applications including atmospheric entry,30 or-
bital transfer,31 trajectory design for a two spacecraft formation,32 and recently hybrid optimal
control.33

In this research we are interested in applying a newly developed pseudospectral method,
called the Gauss Pseudospectral Method,34 to the problem of minimum-fuel spacecraft forma-
tion reconfiguration. In the Gauss pseudospectral method, the state and control are approxi-
mated using a basis of Lagrange interpolating polynomials. The problem is then discretized at
a set of points called Gauss points (it is noted that the discretization points for the Gauss pseu-
dospectral method differ from discretization points in the Legendre pseudospectral method in
that the Legendre pseudospectral method uses Gauss-Lobatto points). The Gauss pseudospec-
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tral discretization leads to a discrete NLP that can be solved using a variety of well-known op-
timization algorithms (e.g. SNOPT16 or SPRNLP15). Details of the Gauss pseudospectral method
are found in Ref. 34.

In this paper, accurate numerical solutions are presented to the problem of single-orbit
minimum-fuel spacecraft reconfiguration from a highly degraded initial state to a desired ter-
minal tetrahedron while simultaneously satisfying geometric constraints on the tetrahedron
in a region of the orbit near apogee. In addition, trajectories are determined that, even in the
presence of disturbances (e.g. sun, moon), maintain the quality of the tetrahedron for a period
of three weeks upon exit from the region of interest. All numerical solutions in this research
are obtained using the Gauss pseudospectral method of Ref. 34. The optimal trajectories ob-
tained in this study provide insight into the structure of the optimally controlled system, and
demonstrate the general applicability of the Gauss pseudospectral method to the problem of
optimal spacecraft formation flying trajectory design.

2 SPACECRAFT RECONFIGURATION PROBLEM

Consider a fleet of four spacecraft in Earth orbit near a 1.2x12 Earth radii (Re) reference orbit
with a 10 degree inclination. Furthermore, assume that the initial state of each spacecraft is
such that the tetrahedron of the formation is highly degraded and is incapable of being used
to take science measurements.4 It is desired to reconfigure the four spacecraft into a forma-
tion such that the formation satisfies a set of geometric constraints on the tetrahedron for a
segment near apogee of the reference orbit. This region of interest (ROI) is a segment such that
the mesocenter (i.e. the geometric center of the formation) is located a distance greater than
9Re from the center of the Earth (roughly ±20 deg in true anomaly on either side of apogee).1

It is known that the initial (degraded) formation does not satisfy the geometric constraints
in the region of interest. The problem considered in this paper is to design a single-orbit,
minimum-fuel trajectory and control that reconfigures the spacecraft to satisfy both the re-
quired geometric constraints in the region of interest and other constraints outside the region
of interest. Furthermore, in order to reduce interference with the scientific measurements, it
is desired that the spacecraft perform no maneuvers for at least three weeks after the final
reconfiguration maneuver. Consequently, the tetrahedron must be able to maintain the spec-
ified quality in the region of interest for at least three weeks without additional maneuvers.
To assess the quality of the tetrahedron well beyond the final reconfiguration maneuver, the
spacecraft are propagated from the terminal state, x(tf ), of the single orbit minimum-fuel tra-
jectory for a period of three weeks under the influence of several perturbations. The resulting
ephemeris of each spacecraft is then used to analyze the tetrahedron during this three-week
period to see if the region of interest geometric constraints have been violated. This paper
addresses and compares minimum-fuel trajectories that both violate and adhere to this con-
straint.

3 TRAJECTORY EVENT SEQUENCE

The trajectory event sequence for this problem is given as follows. First, the trajectory is
divided into seven phases with the following ordered event sequence:

[Burn Coast Burn Coast Burn Coast ROI]

During the coast phases the thrust is zero, while during the burn phase the thrust is constant
at a maximum value Tmax. Furthermore, at each phase interface it is assumed that the trajec-
tories and mass of each spacecraft are continuous, but that the control is discontinuous. It

1The region of interest represents the plasma sheet region of the magnetosphere, in which scientific measure-
ments will be taken.
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is important to note that, with the exception of the initial time of each spacecraft in the first
phase, the initial and terminal times of each spacecraft and each phase are free. Also, while no
maneuvers are allowed in the region of interest phase (and thus the region of interest phase is
a coast phase), several constraints on the formation are applied only in the region of interest.
Therefore, the region of interest is specified separately from the other coast phases in the
problem. Fig. 1 shows a schematic of the reconfiguration problem.

Burn

Bu
rn

Bu
rn

Coast

C
oast

C
oast

Start/End

Region of Interest

Reference Orbit

Figure 1: Schematic of Event Sequence for Reconfiguration Problem.

4 SPACECRAFT MODEL AND EQUATIONS OF MOTION

4.1 Spacecraft Model

In this application we consider four identical spacecraft each with a dry mass of 150 kg and
a fuel mass of 200 kg. Furthermore, the maximum thrust level of the engine is 0.22 N with an
engine specific impulse of 110 s. These physical parameters are typical of a standard mono-
propellant hydrazine orbit maintenance thruster.35 Consequently, all thrusting maneuvers are
assumed to be non-impulsive. Lastly, there are a few parameters that are not used in the
single-orbit optimal control problem, but are used when propagating the spacecraft beyond tf
to analyze the long term effects of the tetrahedral formation under certain perturbations. The
drag coefficient, Cd, is 2.2 and the drag area, Da, is 1 m2 for all spacecraft.

4.2 Dynamic Model During Thrust Phases

During all thrust phases the state of each spacecraft is modeled using modified equinoctial
elements. The three degree-of-freedom equations of motion for a spacecraft moving over a
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spherical nonrotating Earth are given in modified equinoctial elements as36

ṗ = 2p
w
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µ
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√
p
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{
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az

(1)

where p is the semi-latus rectum, P1, P2, Q1, and Q2 have no geometric definition, and L is
true longitude. Additionally, w = p/r = 1 + P1 sinL + P2 cosL, s2 = 1 +Q2

1 +Q2
2, and ar , aθ ,

and az are the perturbing accelerations in the directions of er , eθ , and ez where er is the unit
vector in the radial direction, ez is the unit vector in the direction normal to the orbital plane,
and eθ = ez×er (thereby completing the right-handed system {er ,eθ,ez}). For the application
under consideration here, the perturbing accelerations are due entirely to thrust and can be
written as

ar = T
m
ur , aθ = T

m
uθ, az = T

m
uz, (2)

where T is the thrust magnitude, m is the spacecraft mass, and ur , uθ , and uz are the er ,
eθ , and ez components, respectively, of the thrust direction. Finally, the mass flow rate of the
engine is governed by the equation

ṁ = − T
g0Isp

(3)

where g0 is the sea level acceleration due to gravity and Isp is the specific impulse of the
engine.

4.3 Dynamic Model for Coast Phases

Since we are assuming a spherical Earth gravity model, during a coast phase the only com-
ponent of the state that changes with time is the true longitude, L. Consequently, it is possible
to model a coast phase much more simply than a thrust phase. In particular, during a coast
phase the differential equation for the true longitude can be written as

L̇ = dL
dt

=
√µp
p2 (1+ P1 sinL+ P2 cosL)2 = f(L,p, P1, P2) (4)

Observing that all quantities except L in Eq. (4) are constant, we can separate variables in Eq. (4)
to give

dt = dL
f(L,p, P1, P2)

(5)

Integrating both sides of Eq. (5), we obtain

tf − t0 =
∫ Lf
L0

dL
f(L,p, P1, P2)

(6)

5



where t0 and tf are the initial and terminal time, respectively, of the coast phase while L(t0) =
L0 and L(tf ) = Lf are the initial and terminal true longitude, respectively, of the coast phase.
Since all other states are constant during a coast phase (again, since we have assumed spherical
gravity), the dynamic model for each spacecraft during a coast phase is given as

tf − t0 −
∫ Lf
L0

1
f(L,p, P1, P2)

dL = 0, i = 1, . . . ,4 (7)

Furthermore, during a coast phase, all other components of the state (i.e. p, P1, P2, Q1, Q2, and
m) are treated as constant optimization parameters during a coast phase. Finally, it is noted
that, due to additional constraints, the above model is not used for the region of interest
phase.

5 CONSTRAINTS

5.1 Initial Conditions

As mentioned earlier, the four spacecraft begin in a significantly degraded tetrahedron,
shortly after having departed from the region of interest. Table 5.1 shows the initial con-
ditions for each spacecraft in orbital elements. To be clear, a is the semi-major axis in m, e is

Table 1: Spacecraft Initial Conditions
SC num a0 e0 i0 Ω0 ω0 ν0

1 4.2255510e7 .8025552 .1753710 6.259796 1.6225498 3.5779493
2 4.2255523e7 .8024699 .1753933 6.259694 1.6227984 3.5779235
3 4.2259621e7 .8024827 .1754062 6.260461 1.6217395 3.5781680
4 4.2259623e7 .8254586 .1753016 6.260448 1.6218584 3.5779821

the eccentricity, i is the inclination, Ω is the longitude of the ascending node, ω is the argu-
ment of perigee, and ν is the true anomaly. All angle units are in radians. Figure 2 depicts this
initial tetrahedron, which shows that this configuration is not the desired regular tetrahedron.

x (m ×107)
y (m ×107)

z
(m
×1

0
6
)

2.47382.474 2.47422.47442.47462.4748

-4.8555

-4.856

-4.8565

-4.857

-8.504

-8.502

-8.5

-8.498

SC 1

SC 2SC 3 SC 4

mesocenter

Figure 2: Initial Tetrahedral Configuration.

The orbital elements in Table 5.1 are converted to modified equinoctial elements using a
transformation To2e (see for example Ref. 36) to obtain the initial state in modified equinoctial
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elements. Furthermore, the initial mass of each spacecraft is set to its maximum value, i.e.

m(i)(t0) =mmax, i = 1, . . . ,4 (8)

where for this problem, mmax = 350 kg.

5.2 Interior Point Constraints

As stated earlier, in order for the trajectory to be continuous at each phase interface, it is
necessary to enforce linkage conditions at every phase boundary. These linkage conditions are
enforced on the modified equinoctial elements, mass, and time and are given as follows:

p(i)(t(j)f ) = p(i)(t(j+1)
0 ), P(i)1 (t(j)f ) = P(i)1 (t(j+1)

0 )
P(i)2 (t(j)f ) = P(i)2 (t(j+1)

0 ), Q(i)1 (t
(j)
f ) = Q(i)1 (t

(j+1)
0 )

Q(i)2 (t
(j)
f ) = Q(i)2 (t

(j+1)
0 ), L(i)(t(j)f ) = L(i)(t(j+1)

0 )

m(i)(t(j)f ) = m(i)(t(j+1)
0 ), t(i)f

(j) = t(i)0

(j+1)

,
i = 1, . . . ,4

j = 1, . . . , P − 1 (9)

where i is the ith spacecraft, j is the jth phase and P is the number of phases in the problem
under consideration (in this case P = 7). Finally, in order to ensure that time is increasing
during the trajectory, the following inequality constraints are placed on the time during each
phase of the trajectory:

t(i)f
(j) = t(i)0

(j) ≥ 0, i = 1, . . . ,4 , j = 1, . . . , P (10)

5.3 Trajectory Path Constraints during Thrust Phases

During a thrust phase, the following path constraints are imposed on the four spacecraft.
First, it is necessary to constrain the thrust direction to be unit length. Defining the thrust

direction as uT =
[
ur uθ uz

]T
, the following constraint is imposed on uT during the

thrust phases:
uT · uT = 1 (11)

Second, the mass of each spacecraft cannot fall below the vehicle dry mass. Defining the dry
mass of each vehicle as mdry, the following inequality constraint is imposed on the mass of
each spacecraft during the each phase of the trajectory:

m(i) ≥mdry, i = 1, . . . ,4 (12)

5.4 Constraints in the Region of Interest Phase

The final phase of the trajectory spans the region of interest. In the region of interest, several
geometric constraints are placed on the formation. As noted in Section 3, this phase is a coast
phase. Consequently, the thrust is zero in the region of interest. Next, let the spacecraft
mesocenter (i.e. the mean position) be defined as

r̄ = 1
4

4∑
i=1

r(i) (13)

where r(i), i = 1, . . . ,4 are the positions of the four spacecraft as measured from the center of
the Earth. At the start of the region of interest phase, the mesocenter must attain a particular
position on the reference orbit, rROI , where ‖rROI‖ = 9Re and is located at a point prior to
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apogee. Consequently, a constraint on the position of the mesocenter at the start of the region
of interest is given as

r̄(t(P)0 ) = rROI (14)

A second constraint enforced at the entrance of the region of interest is as follows. In the
absence of perturbations, a spacecraft’s orbit period is solely a function of semi-major axis.
Consequently, a formation in which all spacecraft have equal semi-major axes will be peri-
odic in its motion. When perturbations are introduced, there will be some degradation to the
tetrahedron over time, but in general the degradation rate is reduced if the orbit periods are
equal at the start. Therefore, in order for the formation to maintain its quality in the ROI for
a period of time into the future (i.e. beyond tf ), it is beneficial to require that the semi-major
axes of each spacecraft at the start of the region of interest. Applying this condition, a second
constraint on the formation in the region of interest is given as

a(1)(t(P)0 ) = a(2)(t(P)0 ) = a(3)(t(P)0 ) = a(4)(t(P)0 ) (15)

Now, the region of interest terminates when the position of the mesocenter has again attained
a magnitude of 9Re. Consequently, a constraint at the terminus of the region of interest is
given as

||̄r(t(P)f )|| = 9Re (16)

Next, several path constraints are enforced during the region of interest. First, as the for-
mation evolves in the region of interest, it must maintain a certain geometry in order to be
able to take useful scientific measurements. In particular, the two aspects to the formation
geometry that are important in order to fulfill the science requirements are the shape and size
of the formation. The metric used to determine the quality of the shape of the formation is
the Glassmeier metric (Qgm).37 The Glassmeier metric is given as

Qgm = Va
V∗

+ SAa
SA∗

+ 1 (17)

where Va is the actual volume of the tetrahedron, SAa is the actual surface area of the tetrahe-
dron, and V∗ and SA∗ are the volume and surface area, respectively, of a regular tetrahedron
whose average side length is L̄. It is noted that the largest possible value of each ratio in
Eq. (17) is unity. Consequently, the maximum value of Qgm is 3. It is seen that the Glassmeier
quality metric is a function of both volume and surface area of the tetrahedron. However,
because of the functional form of Qgm, the Glassmeier metric has no sensitivity to the size of
the tetrahedron. The ideal geometry for this mission is a regular tetrahedron with 10 km spac-
ing between each satellite, but science investigators note that there is considerable flexibility
here.4 In particular, values of Qgm greater than 2.7 are acceptable in the region of interest.
Consequently, the following path constraint on Qgm is enforced in the region of interest

Qgm ≥ 2.7 (18)

See Appendix for the computation of the Glassmeier quality factor.

Because the Glassmeier metric is insensitive to the size of the tetrahedron, an additional
constraint is required to constrain the size of the tetrahedron. Although an average inter-
spacecraft separation of 10 km is considered ideal, acceptable science return is still possible
for average separations ranging from 4 km to 18 km.4 Consequently, the following path con-
straint is enforced during the region of interest that keeps the average side length, L̄, bounded
between its acceptable lower and upper limits:

4 ≤ L̄ ≤ 18. (19)
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Next, in order to evaluate the aforementioned path constraints in the region of interest at the
same time for all four spacecraft, it is necessary that both the initial and terminal time for
all four spacecraft be the same. Constraints on the initial and terminal time in the region of
interest are then given as

t(1)0

(P) = t(2)0

(P) = t(3)0

(P) = t(4)0

(P)

t(1)f
(P) = t(2)f

(P) = t(3)f
(P) = t(4)f

(P) (20)

It is noted that t0 and tf in these equations are free.

5.5 Dynamic Model in Region of Interest

Because the path constraints in the region of interest are based on Cartesian Earth-centered
inertial (ECI) position and velocity, it is simpler to use a dynamic model in the region of inter-
est that is consistent with the mathematical form of the region of interest constraints. Con-
sequently, as opposed to modified equinoctial elements, the dynamics of each spacecraft in
the region of interest phase are described using ECI position and velocity. The dynamic model
used during the region of interest phase is then given as

ṙ = v, v̇ = − µ
r 3

r (21)

In order to maintain continuity between the phases, the Cartesian variables are transformed
to modified equinoctial elements at the start of the region of interest phase and are set equal
to the elements at the final time of the previous phase (similar to Eq. (9)).

6 OPTIMAL CONTROL PROBLEM IN BOLZA FORM

Consider the following general optimal control problem.38,39 Determine the state x(t) ∈ R
n,

control u(t) ∈ R
m, and final time tf , that minimize the Bolza cost functional

J = Φ(x(tf ), tf )+
∫ tf
to
g(x(t),u(t), t)dt (22)

subject to the differential dynamic constraints,

ẋ(t) = f(x(t),u(t), t), t ∈ [t0, tf ] (23)

the boundary conditions
φ(x(to), to,x(tf ), tf ) = 0 (24)

and equality state and control constraints enforced as path constraints

C(x(t),u(t), t) = 0, t ∈ [t0, tf ] (25)

In Eqs. (22)-(25), the functions Φ, g, f , φ, and C are defined as follows:

Φ : R
n ×R → R

g : R
n ×R

m ×R → R

f : R
n ×R

m ×R → R
n

φ : R
n ×R×R

n ×R→ R
q

C : R
n ×R

m ×R → R
c

(26)

The problem of Eqs. (22)-(25) will be referred to as the continuous Bolza problem.
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7 OPTIMAL TETRAHEDRAL RECONFIGURATION PROBLEM

The optimal control tetrahedral reconfiguration problem is now stated formally. Using the
aforementioned trajectory event sequence, determine the thrust profile that maximizes the
sum of the terminal masses of each spacecraft, i.e. maximize the objective functional

J =
4∑
i=1

m(i)(t(P)f ) (27)

subject to the dynamic constraints of Eq. (1), (3), and (7), the initial constraints of Table 5.1
and Eq. (8), the interior point constraints of Eq. (9) and (10), the path constraints of Eq. (11)
and (12), the terminal constraints of Eq. (14), (15), (16), (20), (17), and (19).

8 GAUSS PSEUDOSPECTRAL METHOD

The Bolza problem is defined on the time interval t ∈ [t0, tf ]. However, in order to apply
the Gauss pseudospectral method,34 the time interval t ∈ [t0, tf ] must be transformed to the
time interval τ ∈ [−1,1]. The transformation that maps the interval t ∈ [t0, tf ] to τ ∈ [−1,1]
is given as

τ = 2t − (tf + t0)
tf − t0 (28)

Using Eq. (28), the cost functional of Eq. (22) is then given in terms of τ as

J = Φ(x(1), tf )+
tf − t0

2

∫ 1

−1
g(x(τ),u(τ), τ)dτ (29)

Similarly, the dynamic constraints of Eq. (23), the boundary conditions of Eq. (24) and path
constraints of Eq. (25) are given in terms of τ ∈ [−1,1] as

2
tf − t0

dx
dτ

= f(x(τ),u(τ), τ), (30)

φ(x(−1), t0,x(1), tf ) = 0, (31)

C(x(τ),u(τ), τ) = 0 (32)

The continuous Bolza problem is now be approximated pseudospectrally by approximating
the state x(τ), by a polynomial, X(τ) ∈ R

n. This polynomial approximation is formed using
a basis of N + 1 Lagrange interpolating polynomials, L0(τ), . . . , LN(τ), on the interval from
[−1,1] as

x(τ) ≈ X(τ) =
N∑
i=0

x(τi)Li(τ) (33)

where Li(τ), (i = 1, . . . , n) is the ith Lagrange polynomial and is defined as

Li(τ) =
N∏

j=0,j 
=i

(τ − τj)
(τi − τj) (34)

It is known that Li(τ) has the property that

Li(τj) = δij =
{

1 i = j
0 i 
= j , i, j = 0, . . . , N (35)
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The interpolation points used here are the initial point, (τ0 = −1), along with the N Gauss
points where the Gauss points lie on the interior of the interval [−1,1]. The derivative of the
state approximation in Eq. (33) is collocated at the N Gauss points as follows:34

[
dx
dτ

]
τk
≈
[
dX
dτ

]
τk
=

N∑
i=0

X(τi)
(
dLi
dτ

)
τk
=

N∑
i=0

DkiX(τi) = f(X(τk),U(τk), τk), k = 1 . . . N (36)

where Dki are elements in the D ∈ R
N×(N+1) Differentiation Matrix. For clarity, this matrix is

divided into two submatrices. The first column of D, corresponding to the initial point,τ0 ,
is isolated and denoted as D̄ ∈ R

N , where D̄k = L̇0(τk). The remaining part of D, denoted
D̃ ∈ R

N×N , corresponds to the collocation at the Gauss points. It is known that D̃ki = L̇i(τk).
The approximation to the derivative of the state at the Gauss points is then given as

[
dx
dτ

]
τk
= ẋ(τk) ≈ Ẋ(τk) = D̄kX(τ0)+

N∑
i=1

D̃kiX(τi), k = 1 . . . N (37)

The continuous-time optimal control problem is now transcribed to a nonlinear program-
ming problem (NLP) using the variables Xk = X(τk) ∈ R

n for the state and Uk = U(τk) ∈ R
m

for the control at the kth Gauss point, where k = 1, . . . , N. The initial and final states,
X0 = X(τ0) ∈ R

n and Xf = X(τf ) ∈ R
n, respectively, are also included as variables in the

NLP, for a total of N + 2 nodes. Note that when using the Gauss Pseudospectral method, the
differential dynamic constraints are applied only at the N collocation points whereas the state
is approximated at N+1 interpolation points (including τ0 = −1). See Ref. 34 for more details.

In this NLP, the cost functional in Eq. (29) is approximated using a Gauss quadrature as

J = Φ(Xf , tf )+
(tf − t0)

2

N∑
k=1

wkg(Xk,Uk, τk) (38)

where wk are the Gauss weights. The discretized differential dynamic constraints, boundary
constraints, and control path constraints of Eq. (30) (collocated at Gauss points) are given as

D̄kX0 +
N∑
i=1

D̃kiXi =
tf − t0

2
f(Xk,Uk, τk), k = 1, . . . , N (39)

In addition to the dynamic constraints, the initial and final state are related via the quadrature

Xf = X0 +
tf − t0

2

N∑
k=1

wkf(Xk,Uk, τk) (40)

The discretized boundary conditions of Eq. (31) are expressed in their general form as

φ(X0, t0,Xf , tf ) = 0 (41)

Lastly, the discretized control path constraints of Eq. (32) are expressed as follows

C(Xk,Uk, τk) ≤ 0, k = 1, . . . , N (42)

The cost functional of Eq. (38) together with the constraints of Eqs. (39), (40), (41), and (42)
define a nonlinear programming problem (NLP). The solution of this NLP is an approximate
solution to the continuous-time optimal control problem.

11



9 NUMERICAL SOLUTION VIA GAUSS PSEUDOSPECTRAL METHOD

The spacecraft configuration problem as described in Section 2 - Section 7 is solved using
the aforementioned Gauss pseudospectral method.34 The optimization was carried out with
the MATLAB mex interface of the NLP solver SNOPT40 using analytic first-order derivatives
for both the constraint Jacobian and the gradient of the objective function. Furthermore, the
optimal control problem was scaled canonically from SI units to a non-dimensional set of
units such that the length scale is the radius of the Earth, the time scale is one Schuler period,
and the mass scale is equal to the initial spacecraft mass. For this numerical reconfiguration
problem, 10 nodes (i.e. 8 Gauss points) were used for the burn phases, and 50 nodes (i.e. 48
Gauss points) were used in the region of interest coast phase. The coast phases (other than the
region of interest phase) were not discretized, but were computed via numerical quadrature of
Eq. (7). Consequently, each coast phase had two nodes representing the initial and final points
of the phase.

Ideally, science investigators would like the formation geometry constraints to hold while
inside the ROI for a period of three weeks. Yet, the problem described in the previous sec-
tions has a duration of only one orbit, or roughly one day. Because of this, any constraints on
the formation after this first pass through the ROI are not explicitly coded into the problem.
However, the solution to the single-orbit problem was propagated for three weeks using an
orbit propagation tool called FreeFlyer to determine the effects of perturbations on the for-
mation. These results are presented in the following section. The problem was then solved
with a tighter requirement on the tetrahedral formation, which, when propagated for three
weeks, met the tetrahedral requirements for the entire duration. The results of this case are
presented in the following section as well.

10 RESULTS

10.1 Minimum-Fuel Solution for Qmin = 2.7

A minimum-fuel solution to the problem posed in Section 7 with Qmin = 2.7 is presented
here. The total amount of fuel burned is

∑4
i=1m

i
f = 0.1289 kg. The propellant used by each

spacecraft is shown in Fig. 3. Furthermore, Table 2 describes in detail the phase durations
for each spacecraft. Although three maneuver opportunities were included in the trajectory
design, it is seen in the optimal trajectory that at least one maneuver was of zero duration
for each spacecraft. In fact, as seen in Table 2, only spacecraft #4 used more than one of
the three provided maneuver opportunities. In addition, all of the thrust maneuvers were
relatively short in duration (the longest burn being roughly six minutes in duration). It is
also interesting to note that spacecraft #1 burned over half of the total fuel expended and
that this maneuver resulted in a significant change in the position of spacecraft #1 relative to
the other three spacecraft. By examining the tetrahedral formation at the initial time (Fig. 4)
and the tetrahedral formation at the terminal time (Fig. 5), it can be seen that the optimal
solution essentially re-positioned spacecraft #1 according to the arrow in Fig. 4, with only
minor changes in the other three spacecraft. It is important to note that this optimal trajectory
design is unique to the initial conditions given, meaning different initial conditions could result
in very different maneuver profiles.

Table 2: Phase Durations (in minutes) for Qmin = 2.7.
SC num Burn1 Coast1 Burn2 Coast2 Burn3 Coast3 Coast ROI

1 0 158.483 0 355.017 6.224 61.533 837.300
2 1.118 226.667 0 164.500 0 188.967 837.300
3 0 157.483 0 84.083 1.746 337.950 837.300
4 0.383 272.717 1.143 75.000 0 232.017 837.300
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Figure 3: Fuel Expenditure of Each Spacecraft for Qmin = 2.7.
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Fig. 6 shows the evolution of the Glassmeier quality factor,Qgm, in the region of interest.
Note that the constraint on the quality factor becomes active twice during the region of inter-
est, once at the terminal point and once in the middle of the region of interest. Interestingly,
as seen in Figs. 6 and 7, the instant of time near the middle of the region of interest where
the quality factor attains is lower bound occurs when the average length has simultaneously
attained its minimum value. When the spacecraft are in close proximity, small changes in rel-
ative position can lead to large changes in the relative geometry. As a result, the sensitivity
of the shape of the tetrahedron to changes in average length is highest when the spacecraft
are more closely spaced. In particular, this sensitivity can result in a rapid degradation of the
quality factor. Fig. 8 supports this by showing that the sensitivity of the quality factor with
respect to the average length, ∂Qgm/∂L̄, is indeed largest at the time that L̄ is at a minimum.

Finally, it is observed from Fig. 7 that the average length always remains between its upper
and lower bound in the region of interest. A possible explanation why the average length
never attains its lower bound is because of the shape of the tetrahedron is highly sensitive
to changes in L̄ when the average length is small. As a result, it may be difficult to maintain
the quality factor if L̄ is too small. A possible explanation as to why the average length never
attains its upper bound is that an exceedingly large value of L̄ may result in an increase in fuel
consumption (since the initial tetrahedron, while deformed, has an acceptable average side
length only of 9.054 km). As a result, a tetrahedron with a large average length would not be
fuel-optimal.

10.2 Ensuring Future Satisfaction of Quality Factor Constraint

It is important to note that the fuel-optimal solution described in Section 10.1 does not
consider any potential degradation in the quality factor beyond a single passage though the
region of interest. However, if no more maneuvers were performed after the spacecraft have
exited the region of interest, it is clear that perturbations (e.g. oblateness, solar, lunar, and
drag) could potentially degrade the quality of the tetrahedron. As a result, at a future time,
the quality of the formation would be unacceptable.

As an example of potentially unacceptable degradation in the quality of the formation, sup-

14
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pose that, upon the first exit from the region of interest, it is required that no maneuvers be
performed for a period of three weeks in order to take measurements without interruption.
Naturally, the tetrahedron must be able to maintain a quality factor of greater than 2.7 during
every passage through the region of interest for this three-week period. A question that arises
then is whether an optimal trajectory (such as that obtained in Section 10.1) meets these re-
quirements. Fig. 9 shows the trajectory obtained when the final state of the optimal trajectory
of Section 10.1 is propagated forward over a period of three weeks.2 It is seen from Fig. 9
that the quality of the tetrahedron begins to degrade in the region of interest on subsequent
revolutions. More specifically, it is seen in Fig. 9 that, within 20 revolutions (1 revolution ≈ 1
day), the quality of the tetrahedral formation no longer satisfies the requirement on the qual-
ity factor in the region of interest. However, it is noted that the average side length between
the spacecraft changes very little (Fig. 10) over this three-week period, due in large part to the
constraint of Eq. 15 on the semi-major axis.

Ideally, the way to ensure that the quality factor constraint is met for a specified time into
the future would be to pose an optimal control problem that includes a sufficient number
of revolutions of the orbit and enforces the quality factor constraint during the region of
interest in every revolution. However, this is computationally cumbersome since the size of
the optimal control problem would increase substantially. An alternative to solving such a
complex optimal control problem is to include some margin in the quality factor constraint
for the single revolution optimal control problem (i.e. the problem considered in this paper).
In particular, it may be useful to set the lower bound on Qgm to a value that is higher than the
desired value of 2.7 and see if the tetrahedron is of acceptable quality for three-weeks into the
future.

In order to demonstrate the effectiveness of providing margin in the quality factor, the
original optimal control problem was modified so that the lower limit onQgm in the first region
of interest was 2.8 instead of 2.7. The final state of this modified problem was then propagated
for three weeks. The results of this modified problem are shown in Fig. 11. Although the

2The three-week propagation was performed using the orbit propagation tool FreeFlyer using oblateness, solar,
lunar, and drag perturbations.
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quality factor also degrades (from 2.8) over the three-week period, this time the value of Qgm
remains above 2.7 for the entire three week period. However, because of the tighter constraint
on Qgm, the amount of fuel burned is significantly greater than the Qmin = 2.7 case. In
particular, the total fuel burned in the solution to the modified problem was 0.1674 kg (an
increase roughly 29% over the 2.7 case). The propellant used by each spacecraft is shown
in Fig. 12. In the optimal solution of the modified problem, all four spacecraft utilize two
maneuver opportunities, as opposed to the 2.7 case where only one spacecraft burned twice.
The phase durations (and consequently the maneuver durations) are shown in Table 10.2. In
terms of the terminal tetrahedral formation, the geometry is similar, with some small changes
in the relative positions. Fig. 13 directly compares the geometries of the solutions obtained
from the 2.7 and 2.8 cases.

Table 3: Phase Durations (in minutes) for Qmin = 2.8 case
SC num Burn1 Coast1 Burn2 Coast2 Burn3 Coast3 Coast ROI

1 0 149.150 0.065 424.850 7.209 0 837.300
2 0 184.517 1.008 241.767 1.107 152.867 837.300
3 1.448 155.767 0 88.200 1.556 334.300 837.300
4 0 273.000 1.268 87.35 0.024 219.617 837.300

11 CONCLUSIONS

In this paper, a minimum-fuel trajectory was designed to transfer four spacecraft from a
degraded tetrahedral formation into a tetrahedron that satisfied certain geometric quality con-
straints for a portion of its orbit. This problem was posed as an optimal control problem and
was solved via direct transcription using the Gauss pseudospectral method. The final state of
the solution was propagated three weeks into the future to examine the potential degradation
of the formation. Observing that the formation degraded in an unacceptably short period of
time, a modified optimal control problem was posed that provided margin in the quality factor.
It was found that the solution to this modified problem satisfied the tetrahedral quality con-
straints for this entire three week period beyond the final time of the trajectory design. The
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results in this paper provide insight into the relative motion of tetrahedral formations and
demonstrate the applicability of the Gauss pseudospectral method to spacecraft formation
flying problems.
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APPENDIX: COMPUTATION OF GLASSMEIER QUALITY FACTOR

In order to compute the Glassmeier quality factor at a given point, a few quantities must be
calculated. First, using the mesocenter in Eq. (13), the following volumetric tensor is calculated:

¯̄RI/mc = 1
4

4∑
i=1

rmcir Tmci (43)

where
rmci = r(i) − r̄, i = 1, . . . ,4 (44)

Using ¯̄RI/mc , the volume of the actual tetrahedron is computed as

Va = 8
3

√
| ¯̄RI/mc| (45)

where | ¯̄RI/mc| is the determinant of the volumetric tensor. Next, the surface area of the actual
tetrahedron is computed as follows. First, let

S1 = 1
2 |r(2) × r(3)|, S2 = 1

2 |r(1) × r(3)|, S3 = 1
2 |r(1) × r(2)|

S4 = 1
2 |(r(2) − r(1))× (r(3) − r(1))| (46)

Then the volume of the actual tetrahedron is given as

SAa =
4∑
i=1

Si (47)

Lastly, the ideal volume and surface area equations are solely a function of the average side
length, and are expressed below.

V∗ =
√

2
12
(L̄)3, SA∗ =

√
3(L̄)2 (48)
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