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AAS 05-339

POST-OPTIMALITY EVALUATION AND ANALYSIS OF A
FORMATION FLYING PROBLEM VIA A GAUSS PSEUDOSPECTRAL

METHOD

Geoffrey T. Huntington∗, David A. Benson†, and Anil V. Rao‡

The post-optimality analysis of a tetrahedral formation flying optimal control
problem is considered. In particular, this four-spacecraft orbit insertion problem
is transcribed to a nonlinear programming problem (NLP) using a direct method
called the Gauss pseudospectral method. The Karush-Kuhn-Tucker (KKT) con-
ditions for this NLP are then derived and are compared to the conditions ob-
tained via a Gauss pseudospectral discretization of the Hamiltonian boundary-
value problem (HBVP) that arises from applying the calculus of variations. It is
found that the optimal control obtained by solving the NLP is in excellent agree-
ment with the control obtained from the Gauss pseudospectral discretization of
the HBVP. The results obtained in this paper demonstrate the accuracy of the
Gauss pseudospectral method and illustrate the usefulness of the Gauss pseu-
dospectral method as a means of gaining insight into the structure of optimally
controlled systems.

1 INTRODUCTION

As modern optimal control problems become more complex, they often become impossi-
ble to solve analytically. Many continuous-time optimal control problems are approximated
as finite-dimensional discrete-time problems and then solved numerically. Methods for solv-
ing optimal control problems fall into two general categories: indirect methods and direct
methods.1 In an indirect method, extremal trajectories are found by solving a Hamiltonian
boundary-value problem (HBVP) derived from the first-order necessary conditions for optimal-
ity.2 The optimal solution is then found by choosing the extremal trajectory with the lowest
cost. A benefit of indirect methods is that an accurate co-state is obtained from solving the
HBVP, which allows an accurate control to be computed. However, many HBVPs of interest
suffer from extreme sensitivity to unknown boundary conditions. Consequently, it is often
difficult to obtain a solution to the HBVP, thus making it difficult to use indirect methods
to find solutions to optimal control problems. In a direct method, the discrete-time optimal
control problem is transcribed to a nonlinear programming problem (NLP) which can then be
solved by well developed algorithms. In particular, in a direct method the optimal control prob-
lem is transformed to an NLP by discretizing the differential equations at specific time points
called collocation points.3 The NLP is then solved using an appropriate numerical optimization
algorithm.4,5

Direct methods have risen prominence in recent years because it is often easier to solve the
NLP than it is to solve the HBVP.6,7 However, depending on the choice of the discretization
of the differential equations, the co-state obtained from many direct methods is significantly
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less accurate than the co-state obtained via indirect methods. Consequently, in general, the
control obtained from a direct method is less accurate than the control obtained using an
indirect method. Well-known software packages employing direct methods include Optimal
Trajectories by Implicit Simulation (OTIS),8 Sparse Optimal Control Software (SOCS),9 Graphical
Environment for Simulation and Optimization (GESOP),10 Direct Collocation (DIRCOL),11 and
Direct and Indirect Dynamic Optimization (DIDO).12

A relatively new class of direct methods for solving optimal control problems are pseu-
dospectral methods.13–18 In a pseudospectral method, the state and control are approximated
using a basis of polynomials.13 This approximation, in combination with proper choice of the
collocation points, leads to an accurate approximation to the solution of the discrete-time op-
timal control problem. Two pseudospectral methods that have been used in recent years to
solve optimal control problems numerically are the Legendre pseudospectral method14,15 and
the Chebyshev pseudospectral method.16 In particular, the Legendre pseudospectral method
has been applied to a wide variety of applications including atmospheric entry,19 orbital trans-
fer,20 trajectory design for a two spacecraft formation,21 and recently hybrid optimal control.22

A recently developed pseudospectral method that has shown promise both in the solu-
tion and post-optimality analysis of optimally controlled systems is the Gauss pseudospectral
method.23 In the Gauss pseudospectral method, the optimal control problem is discretized at
a set of points called Gauss points. Unlike previously developed pseudospectral methods,14–16

in the Gauss pseudospectral method collocation is not performed at the boundary points. This
significant difference in collocation has advantages over other pseudospectral methods in that
the resulting KKT conditions from the NLP are identical to the discrete form of the first-order
optimality conditions where the discrete form is obtained via a Gauss pseudospectral dis-
cretization of the continuous-time optimal control problem. As a result, the solution obtained
by solving the NLP can be compared directly with the indirect solution found by solving the
HBVP. Furthermore, the equivalence between the KKT conditions and the discretized first-
order necessary conditions leads to a method for estimating the costates of the continuous-
time optimal control problem using the KKT multipliers of the NLP. It is known that the Gauss
pseudospectral costate estimate satisfies the discrete form of the costate dynamic relations as
well as the costate boundary conditions, resulting in a solution that satisfies the of optimal-
ity conditions at the Gauss points. Details of the Gauss pseudospectral method are found in
Ref. 23.

In this research, a post-optimality analysis of a tetrahedral formation flying optimal control
problem is performed using the Gauss pseudospectral method. For this minimum-fuel config-
uration problem, four spacecraft must optimally transfer from an initial circular parking orbit
to an elliptical terminal reference orbit while satisfying particular formation constraints. Two
variations of this trajectory optimization problem are considered. In the first problem the tra-
jectory is terminated upon satisfying the required terminal position constraints. In the second
problem the trajectory is extended one full orbit beyond that of the first problem such that the
terminal conditions are the same as those attained one period earlier. The resulting optimal
solutions have already been presented in a previous work.24 This work analyzes the accu-
racy of those optimal solutions. Specifically, the discrete control from the NLP is compared
to the control obtained from the first-order optimality conditions of the HBVP, discretized at
the Gauss points. In order to make this comparison, a costate mapping principle (for both the
Gauss points and the boundary points) is derived. The results obtained in this paper show
that the control obtained from the Gauss pseudospectral method is in excellent agreement
with the control predicted by the first-order optimality conditions of the continuous-time op-
timal control problem. Furthermore, the results presented here demonstrate the accuracy and
usefulness of the Gauss pseudospectral method as a way of solving complex optimal control
problems.
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2 CONTINUOUS BOLZA PROBLEM

Consider the following general optimal control problem.25,26 Determine the state x(t) ∈ R
n,

control u(t) ∈ R
m, and final time tf , that minimize the Bolza cost functional

J = Φ(x(tf ), tf )+
∫ tf
to
g(x(t),u(t), t)dt (1)

subject to the differential dynamic constraints,

ẋ(t) = f(x(t),u(t), t), t ∈ [t0, tf ] (2)

the boundary conditions
φ(x(to), to,x(tf ), tf ) = 0 (3)

and equality control constraints enforced as path constraints

C(u(t), t) = 0, t ∈ [t0, tf ] (4)

In Eqs. (1)-(4), the functions Φ, g, f , φ, and C are defined as follows:

Φ : R
n ×R → R

g : R
n ×R

m ×R → R

f : R
n ×R

m ×R → R
n

φ : R
n ×R×R

n ×R→ R
q

C : R
m ×R → R

c

(5)

The problem of Eqs. (1)-(4) will be referred to as the continuous Bolza problem. Extremal tra-
jectories of the Bolza problem of Eqs. (1)-(4) can be found by solving a Hamiltonian boundary
value problem (HBVP) that results from applying the calculus of variations. First, the Aug-
mented Hamiltonian, H , is defined as

H (x,u,λ,µ, t) = g(x,u, t)+ λTf (x,u, t)+ µTC(u, t) (6)

where x = x(t) and u = u(t). Furthermore, the dynamic costate is λ = λ(t) ∈ R
n and control

costate is µ = µ(t) ∈ R
c . The resulting HBVP is then given as

dx
dt

= f(x(t),u(t), t) = ∂H
∂λ

, (7)

dλ
dt

= −∂g
∂x

− λT (t) ∂f
∂x

= −∂H
∂x

, (8)

0 = ∂g
∂u

+ λT (t) ∂f
∂u

+ µT (t)∂C
∂u

= ∂H
∂u

, (9)

0 = φ(x(to), to,x(tf ), tf ), (10)

0 = C(u(t), t), (11)

λ(to) = −νT ∂φ
∂x(to)

, (12)

λ(tf ) = ∂Φ
∂x(tf )

+ νT ∂φ
∂x(tf )

, (13)

H (tf ) = − ∂Φ
∂tf

− νT ∂φ
∂tf

(14)

(15)

where ν ∈ R
q are the Lagrange multipliers associated with the boundary conditions.
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3 GAUSS PSEUDOSPECTRAL METHOD

The Bolza problem is defined on the time interval t ∈ [t0, tf ]. However, in order to apply
the Gauss pseudospectral method,23 the time interval t ∈ [t0, tf ] must be transformed to the
time interval τ ∈ [−1,1]. The transformation that maps the interval t ∈ [t0, tf ] to τ ∈ [−1,1]
is given as

τ = 2t − (tf + t0)
tf − t0 (16)

Using Eq. (16), the cost functional of Eq. (1) is then given in terms of τ as

J = Φ(x(1), tf )+
tf − t0

2

∫ 1

−1
g(x(τ),u(τ), τ ; t0, tf )dτ (17)

Similarly, the dynamic constraints of Eq. (2), the boundary conditions of Eq. (3) and control
path constraints of Eq. (4) are given in terms of τ ∈ [−1,1] as

2
tf − t0

dx
dτ

= f(x(τ),u(τ), τ ; t0, tf ), (18)

φ(x(−1), t0,x(1), tf ) = 0, (19)

C(u(τ), τ ; t0, tf ) = 0 (20)

The continuous Bolza problem is now discretized pseudospectrally by approximating the
state x(τ), by a polynomial, X(τ) ∈ R

n. This polynomial approximation is formed using
a basis of N + 1 Lagrange interpolating polynomials, L0(τ), . . . , LN(τ), on the interval from
[−1,1] as

x(τ) ≈ X(τ) =
N∑
i=0

x(τi)Li(τ) (21)

where Li(τ), (i = 1, . . . , n) is the ith Lagrange polynomial and is defined as

Li(τ) =
N∏

j=0,j �=i

(τ − τj)
(τi − τj) (22)

It is known that Li(τ) has the property that

Li(τj) = δij =
{

1 i = j
0 i �= j , i, j = 0, . . . , N (23)

The interpolation points used here are the initial point, (τ0 = −1), along with the N Gauss
points where the Gauss points lie on the interior of the interval [−1,1]. The derivative of the
state approximation in Eq. (21) is collocated at the N Gauss points as follows:23

[
dx
dτ

]
τk
≈
[
dX
dτ

]
τk
=

N∑
i=0

X(τi)
(
dLi
dτ

)
τk
=

N∑
i=0

DkiX(τi) = f(X(τk),U(τk), τk), k = 1 . . . N

(24)
where Dki are elements in the D ∈ R

N×(N+1) Differentiation Matrix. For clarity, this matrix is
divided into two submatrices. The first column of D, corresponding to the initial point,τ0 ,
is isolated and denoted as D̄ ∈ R

N , where D̄k = L̇0(τk). The remaining part of D, denoted
D̃ ∈ R

N×N , corresponds to the collocation at the Gauss points. It is known that D̃ki = L̇i(τk).
The approximation to the derivative of the state at the Gauss points is then given as

[
dx
dτ

]
τk
= ẋ(τk) ≈ Ẋ(τk) = D̄kX(τ0)+

N∑
i=1

D̃kiX(τi), k = 1 . . . N (25)
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The continuous-time optimal control problem is now transcribed to a nonlinear program-
ming problem (NLP) using the variables Xk = X(τk) ∈ R

n for the state and Uk = U(τk) ∈ R
m

for the control at the kth Gauss point, where k = 1, . . . , N. The initial and final states,
X0 = X(τ0) ∈ R

n and Xf = X(τf ) ∈ R
n, respectively, are also included as variables in the

NLP, for a total of N + 2 nodes. Note that when using the Gauss Pseudospectral method, the
differential dynamic constraints are applied only at the N collocation points whereas the state
is approximated at N + 1 interpolation points (including τ0 = −1). Furthermore,the problem
is discretized at N + 2 nodes (including τ0 = −1 and τf = 1). See Ref. 23 for more details.

In this NLP, the cost functional in Eq. (17) is approximated using a Gauss quadrature as

J = Φ(Xf , tf )+
(tf − t0)

2

N∑
k=1

wkg(Xk,Uk, τk; t0, tf ) (26)

where wk are the Gauss weights. The discretized differential dynamic constraints, boundary
constraints, and control path constraints of Eq. (18) (collocated at Gauss points) are given as

D̄kX0 +
N∑
i=1

D̃kiXi =
tf − t0

2
f(Xk,Uk, τk; t0, tf ), k = 1, . . . , N (27)

In addition to the dynamic constraints, the initial and final state are related via the quadrature

Xf = X0 +
tf − t0

2

N∑
k=1

wkf(Xk,Uk, τk; t0, tf ) (28)

The discretized boundary conditions of Eq. (19) are expressed in their general form as

φ(X0, t0,Xf , tf ) = 0 (29)

Lastly, the discretized control path constraints of Eq. (20) are expressed as follows

C(Uk, τk; t0, tf ) ≤ 0, k = 1, . . . , N (30)

The cost functional of Eq. (26) together with the constraints of Eqs. (27), (28), (29), and (30)
define a nonlinear programming problem (NLP). The solution of this NLP is an approximate
solution to the continuous-time optimal control problem.

It is noted that the Gauss pseudospectral method has been extended to problems with mul-
tiple phases (see Ref. 23). The extension to a P -phase problem involves repeating the structure
for the one-phase formulation P times. Furthermore, the terminal constraints for the first
phase, the initial and terminal constraints for the interior phases, and the initial constraints
for the Pth phase are replaced by interior point constraints. These interior point constraints
include any linkage conditions between adjacent phases and are substituted for Eq. (29) in the
above formulation.

L(1)(0)(X(1)0 , t(1)0 ) = 0,
L(r+1)
(r) (X(r)f , t(r)f ,X(r+1)

0 , t(r+1)
0 ) = 0,

L(P+1)
(P) (X(P)f , t(P)f ) = 0

(31)

where r = 1, . . . , P − 1 phases. In addition to problems with multiple phases, the Gauss pseu-
dospectral method is readily extendible to problems involving multiple vehicles by concate-
nating the state and control of each spacecraft, thereby forming a single higher dimensional
state and control. The optimal control problem can then be posed in the form given above.
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4 COSTATE ESTIMATES

We will now derive relationships that map the Lagrange multipliers obtained from the so-
lution of the discrete NLP to the costates of the continuous-time optimal control problem at
the Gauss points and the boundary points. The KKT conditions of the NLP are derived by first
combining all constraints in the NLP into an augmented cost functional, or Lagrangian:

Ja = Φ(Xf , tf )+
tf − t0

2

N∑
k=1

wkg(Xk,Uk, τk; t0, tf )+ νTr L(r+1)
(r)

(
X(r)f , t(r)f ,X(r+1)

0 , t(r+1)
0

)

+ νTr−1L(r)(r−1)

(
X(r−1)
f , t(r−1)

f ,X(r)0 , t(r)0

)
+ tf − t0

2

N∑
k=1

wkµ̃TkC(Uk, τk; t0, tf )

+
N∑
k=1

Λ̃
T
k

⎛
⎝D̄kX0 +

N∑
i=1

D̃kiXi −
tf − t0

2
f(Xk,Uk, τk; t0, tf )

⎞
⎠

+ Λ̃TF
⎛
⎝Xf − X0 −

tf − t0
2

N∑
k=1

wkf(Xk,Uk, τk; t0, tf )

⎞
⎠

(32)

This formulation uses the multipliers νr , νr−1, µ̃k, Λ̃k, and Λ̃f , where k = 1, . . . , N. The
KKT conditions are found by setting the gradient of the Lagrangian to zero. First, the partial
derivatives of the augmented cost with respect to the control at the Gauss points are given as

∂Ja
∂Uk

= (tf − t0)wk
2

∂gk
∂Uk

+ (tf − t0)wk
2

µ̃Tk
∂Ck
∂Uk

− tf − t0
2

Λ̃
T
k
∂fk
∂Uk

− (tf − t0)wk
2

Λ̃
T
F
∂fk
∂Uk

(33)

Multiplying Eq. (33) by 2/(wk(tf − t0)), k = 1, . . . , N, combining like terms, and setting Eq. (33)
to zero results in

∂Ja
∂Uk

= 0 = ∂gk
∂Uk

+
⎛
⎝−Λ̃TF − Λ̃

T
k

wk

⎞
⎠ ∂fk
∂Uk

+
(
µ̃Tk
) ∂Ck
∂Uk

(34)

Comparing Eq. (34) to the optimality conditions in Eq. (9), we obtain the following relationships
at the Gauss points:

λT (τk) ≈ ΛTk = −Λ̃TF −
Λ̃
T
k

wk
, k = 1, . . . , N (35)

µT (τk) ≈ µTk = µ̃Tk , k = 1, . . . , N (36)

Substituting the relationships of Eq. (35) and Eq. (36) into Eq. (34), the KKT condition of Eq. (34)
becomes equivalent to the discretized form of the first-order necessary conditions of the HBVP
shown in Eq. (9), i.e.

0 = ∂gk
∂Uk

+ΛTk
∂fk
∂Uk

+ µTk
∂Ck
∂Uk

(37)

See Ref. (23) for more details. Furthermore, a costate estimate at the boundary points can
be calculated by taking the partial derivative of the augmented cost function with respect to
X0 and Xf . The equations for the costate estimates at the boundaries are then compared to
Eq. (12) and Eq. (13) and produce the following mapping relations:

λ(τ0) ≈ Λ0 =
N∑
k=1

Λ̃k
T
D̄k − Λ̃FT = −νTr−1

∂L(r)(r−1)

∂X(τ0)
,

λ(τf ) ≈ Λf = −Λ̃FT = ∂Φ
∂X(τf )

− νTr
∂L(r+1)

(r)

∂X(τf )

(38)
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5 ESTIMATES OF OPTIMAL CONTROL

An estimate of the optimal control at the Gauss points can be found by solving Eq. (37) for
Uk, where k = 1, . . . , N. This estimate is then compared to the control obtained by solving
the NLP in Section 12. However, in order to obtain the control solution at both the Gauss
points and the boundary points τ0 = −1 and τf = 1 , the optimal control at the boundaries
must be determined. The costate estimates at the boundaries from Eq. (38) make it possible
to determine the optimal control at the boundary points by solving a system of equations.25

The control at the initial time τ0 = −1 can be found by solving the following system of c +m
equations for µ0 ∈ R

c and U0 ∈ R
m:

[
∂g
∂U

]
τ=τ0

+ΛT0
[
∂f
∂U

]
τ=τ0

− µT0
[
∂C
∂U

]
τ=τ0

= 0,

C(U0, τ0) = 0

(39)

Similarly, The control at the terminal time τf = 1 can be found by solving the following system
of c +m equations for µf ∈ R

c and Uf ∈ R
m:

[
∂g
∂U

]
τ=τf

+ΛTf
[
∂f
∂U

]
τ=τf

− µTf
[
∂C
∂U

]
τ=τf

= 0,

C(Uf , τf ) = 0

(40)

Finally, the optimal control, U(τ), is transformed back to the original time domain, t ∈ [t0, tf ],
by the transformation

t = (tf − t0)τ + (tf + t0)
2

(41)

The purpose of the remainder of this paper is to compare the optimal control derived from the
multipliers of the NLP (above) with the actual control outputted from the NLP in the context of
a spacecraft formation flying application.

6 SPACECRAFT FORMATION CONFIGURATION PROBLEM

Consider the problem of configuring a fleet of four spacecraft via orbital transfer from an
initial parking orbit to a terminal reference orbit where the formation attains a desired tetra-
hedral shape at a specified point in the terminal reference orbit. Assuming that the four
spacecraft are deployed simultaneously from the same launch vehicle or upper stage, each
spacecraft starts at the same point on a circular orbit of altitude h0 = 600 km and inclination
i0 = 28 deg. The desired terminal reference orbit is of size 600 km by 7000 km altitude with
an inclination of 28 deg. In addition, at apogee of the terminal reference orbit the formation
must be within 10 percent of a regular tetrahedron whose side-length is 10 km.

7 TRAJECTORY EVENT SEQUENCE

In this paper, we consider the following two trajectory configuration problems. The first
problem, called the basic problem, terminates upon meeting the required tetrahedral position
constraints the first time that the apogee of the reference orbit is attained. The second prob-
lem, called the extended problem, extends the first problem by one full orbit such that the
terminal conditions attained upon reaching the second apogee are the same as those attained
upon reaching the first apogee.

7



7.1 Trajectory Event Sequence for Basic Configuration Problem

The trajectory event sequence for the basic problem is given as follows. First, the trajectory
is divided into four phases with the following sequence: coast, burn, coast, and burn. During
the coast phases, it is assumed that the thrust is zero while during the burn phases it is
assumed that the thrust is constant at its maximum value Tmax. Furthermore, at each phase
interface it is assumed that the equinoctial elements and the mass are continuous, but that the
control is discontinuous. Finally, the initial and terminal times of each phases are free (with
the exception, of course, of the first phase where the initial time is fixed to zero). Fig. 1 shows
a schematic of the basic configuration problem.

Burn

Bu
rn

C
oast

Coast
Start

End

Figure 1: Schematic of Basic Configuration Problem.

7.2 Trajectory Event Sequence for Extended Configuration Problem

The trajectory event sequence for the extended problem is given as follows. First, the tra-
jectory is divided into nine phases with the following sequence. The first four phases are the
same at those of the basic problem while the remaining five phases have the following se-
quence: coast, burn, coast, burn, and coast. Furthermore, all of the assumptions during both
the coast and burn phases are the same as those from the basic problem. Finally, all continuity
conditions at the phase interfaces are the same as those from the basic problem. Fig. 2 shows
a schematic of the basic configuration problem.
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Figure 2: Schematic of Extended Configuration Problem.

8 EQUATIONS OF MOTION AND SPACECRAFT MODEL

8.1 Equations of Motion

The three degree-of-freedom equations of motion for a spacecraft moving over a spherical
nonrotating Earth are given in modified equinoctial elements as27

ṗ = 2p
w

√
p
µ
aθ

Ṗ1 =
√
p
µ

{
−ar cosL+ [(w + 1) sinL+ P1]

aθ
w
+ [Q2 sinL−Q1 cosL]

P2az
w

}

Ṗ2 =
√
p
µ

{
ar sinL+ [(w + 1) cosL+ P2]

aθ
w
− [Q2 sin(L)−Q1 cosL]

P1az
w

}

Q̇1 =
√
p
µ

(
s2

2w

)
az sinL

Q̇2 =
√
p
µ

(
s2

2w

)
az cosL

L̇ = √
µp

(
w
p

)2

+
√
p
µ
Q2 sinL−Q1 cosL

w
az

(42)

where p is the semi-latus rectum, P1, P2, Q1,and Q2 have no defined geometric representation,
and L is true longitude. Furthermore, in the above equation, w = p/r = 1+ P1 sinL+ P2 cosL,
s2 = 1 + Q2

1 + Q2
2, and ar , aθ , and az are the perturbing accelerations in the directions of

er , eθ , and ez where er is the unit vector in the radial direction, ez is the unit vector in the
direction normal to the orbital plane, and eθ = ez × er (thereby completing the right-handed
system {er ,eθ,ez}). For the application under consideration here, the perturbing accelerations
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are due entirely to thrust and can be written as

ar = T
m
ur

aθ = T
m
uθ

az = T
m
uz

(43)

where T is the thrust magnitude, m is the spacecraft mass, and ur , uθ , and uz are the er ,
eθ , and ez components, respectively, of the thrust direction. Finally, the mass flow rate of the
engine is governed by the equation

ṁ = − T
g0Isp

(44)

where g0 is the sea level acceleration due to gravity and Isp is the specific impulse of the
engine.

8.2 Spacecraft Model

In this application we consider four identical spacecraft each with a dry mass of 200 kg
and a fuel mass of 300 kg. Furthermore, the maximum thrust level of the engine is 7.015 kN
with an engine specific impulse of 287.5 s. It is noted that these physical parameters are
typical of a standard apogee kick motor.28 Finally, all thrusting maneuvers are assumed to be
non-impulsive.

9 CONSTRAINTS

9.1 Initial Conditions

All four spacecraft start in the same circular orbit at time t = 0. The initial conditions
corresponding to this orbit are given in orbital elements as

a(0) = Re + h0 , e(0) = 0
i(0) = 28 deg , ω(0) = 270 deg
Ω(0) = 0 , ν(0) = 270 deg

(45)

where a is the semi-major axis, e is the eccentricity, i is the inclination, ω is the argument of
perigee, Ω is the longitude of the ascending node, ν is the true anomaly, Re is the radius of the
Earth, and h0 = 600 km is the initial altitude. It is noted that the initial argument of perigee,
ω(0), is chosen to be the same as that of the terminal reference orbit while the initial true
anomaly, ν(0), is arbitrary. The orbital elements in Eq. (45) are then converted to modified
equinoctial elements using a transformation To2e (see for example Ref. 27) to obtain the initial
state in modified equinoctial elements as

p(i)(t0) = p0

P(i)1 (t0) = P1,0

P(i)2 (t0) = P2,0

Q(i)1 (t0) = Q1,0

Q(i)2 (t0) = Q2,0
L(i)(t0) = L0

, i = 1, . . . ,4 (46)

where i is the ith spacecraft. Furthermore, the initial mass of each spacecraft is equal to its
maximum value, i.e.

m(i)(t0) =mmax, i = 1, . . . ,4 (47)
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where for this problem mmax = 500 kg.

9.2 Interior Point Constraints

As stated earlier, in order for the trajectory to be continuous at each phase interface, it is
necessary to enforce linkage conditions at every phase boundary. These linkage conditions are
enforced on the modified equinoctial elements, mass, and time and are given as follows:

p(i)(t(j)f ) = p(i)(t(j+1)
0 )

P(i)1 (t(j)f ) = P(i)1 (t(j+1)
0 )

P(i)2 (t(j)f ) = P(i)2 (t(j+1)
0 )

Q(i)1 (t
(j)
f ) = Q(i)1 (t

(j+1)
0 )

Q(i)2 (t
(j)
f ) = Q(i)2 (t

(j+1)
0 )

L(i)(t(j)f ) = L(i)(t(j+1)
0 )

m(i)(t(j)f ) = m(i)(t(j+1)
0 )

t(i)f
(j) = t(i)0

(j+1)

,
i = 1, . . . ,4

j = 1, . . . , P − 1 (48)

where i is the ith spacecraft, j is the jth phase and P is the number of phases in the problem
under consideration (in this case P = 4 for the basic problem and P = 9 for the extended
problem). Finally, in order to ensure that time is increasing during the trajectory, the following
inequality constraints are placed on the time during each phase of the trajectory:

t(i)f
(j) = t(i)0

(j) ≥ 0, i = 1, . . . ,4 , j = 1, . . . , P (49)

9.3 Path Constraints

During flight, the following two path constraints are imposed on the four spacecraft. First,
during the thrust phases of the trajectory it is necessary to constrain the thrust direction to be

unit length. Defining the thrust direction as uT =
[
ur uθ uz

]T
, the following constraint

is imposed on uT during the thrust phases:

uT · uT = 1 (50)

Second, during flight the mass of each spacecraft cannot fall below the vehicle dry mass.
Defining the dry mass of each vehicle as mdry, the following inequality constraint is imposed
on the mass of each spacecraft during the each phase of the trajectory:

m(i) ≥mdry, i = 1, . . . ,4 (51)

9.4 Terminal Constraints for Basic Problem

The position of the mesocenter of the formation is defined as

r̄ = 1
4

4∑
i=1

r(i) (52)

where r(i), i = 1, . . . ,4 are the positions of the four spacecraft as measured from the center of
the Earth. The first constraint imposed on the formation at t = tf is that the mesocenter be
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located at the apogee of the reference orbit. Defining the position of the apogee of the refer-
ence orbit as ra, the constraint imposed on the position of the mesocenter of the formation at
t = tf is given as

r̄(tf ) = ra (53)

Next, let rrel be the distance between a vertex of the desired regular tetrahedron and its
mesocenter with a side length l. Then the square of the relative distance between each space-
craft and the mesocenter of the formation is constrained to be within 10 percent of r 2

rel at
t = tf , i.e.

0.9r 2
rel ≤ (r(i)(tf )− ra) · (r(i)(tf )− ra) ≤ 1.1r 2

rel, i = 1, . . . ,4 (54)

Third, the volume of the tetrahedron is constrained to be within 10 percent of the ideal volume
of the desired regular tetrahedron at t = tf , i.e.

0.9VI ≤ V(tf ) ≤ 1.1VI (55)

where VI is the volume of the ideal desired regular tetrahedron and V is the volume of the
formation where the volume of a tetrahedron is given as

V = 8
3

√
|R| (56)

R = 1
4

4∑
i=1

(r(i) − r̄)⊗ (r(i) − r̄)

|R| is the determinant of the volumetric tensor, R, and ⊗ is the tensor product between vectors.
It is noted that the volume of a regular tetrahedron with side length l is given as

VI = l3
√

2
12

(57)

Finally, it is required that the trajectories of all four spacecraft terminate at the same time, i.e.

t(1)f
(P) = t(2)f

(P) = t(3)f
(P) = t(4)f

(P)
(58)

where tf is free.

9.5 Terminal Constraints for Extended Problem

In addition to the terminal constraints for the basic problem, the terminal constraints for
the extended problem include a set of equality constraints that force the first five modified
equinoctial elements at the end of phase 4 to equal the first five modified equinoctial elements
at the end of phase 9. These equality constraints are given as

p(i)(t(4)f ) = p(i)(t(9)f )
P(i)1 (t(4)f ) = P(i)1 (t(9)f )
P(i)2 (t(4)f ) = P(i)2 (t(9)f )
Q(i)1 (t

(4)
f ) = Q(i)1 (t

(9)
f )

Q(i)2 (t
(4)
f ) = Q(i)2 (t

(9)
f )

, i = 1, . . . ,4 (59)

In addition, in order for the spacecraft to return to the same location one full revolution after
achieving the first apogee of the transfer orbit, it is necessary for the true longitude of each
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spacecraft at the end of phase 9 to be 2π greater than the true longitude of each spacecraft at
the end of phase 4, i.e.

L(i)(t(4)f )+ 2π = L(i)(t(9)f ), i = 1, . . . ,4 (60)

Finally, the terminal times of each spacecraft in phase 4 must be equal to one another, i.e.

t(1)f
(4) = t(2)f

(4) = t(3)f
(4) = t(4)f

(4)
(61)

10 OPTIMAL CONTROL SPACECRAFT CONFIGURATION PROBLEM

The optimal control spacecraft configuration problem is now stated formally. Using the
aforementioned trajectory event sequence, determine the thrust profile that maximizes the
sum of the terminal masses of each spacecraft, i.e. maximize the objective functional

J =
4∑
i=1

m(i)(tf ) (62)

subject to the differential equation constraints of Eq. (42) and Eq. (44), the initial constraints of
Eq. (46) and Eq. (47), the interior point constraints of Eq. (48) and Eq. (49), the path constraints
of Eq. (50) and Eq. (51), and the terminal constraints of either Eq. (53), Eq. (54) Eq. (55), and
Eq. (58) for the basic problem or the terminal constraints of Eq. (53), Eq. (54) Eq. (55), Eq. (58),
Eq. (59), Eq. (60), and Eq. (61) for the extended problem.

11 NUMERICAL SOLUTION VIA GAUSS PSEUDOSPECTRAL METHOD

The spacecraft configuration problem as described in section 6 - section 10 is solved using
the aforementioned Gauss pseudospectral method of Ref. 23. The optimization was carried out
with the MATLAB mex interface of the NLP solver SNOPT29 using analytic first-order derivatives
for the constraint Jacobian and the gradient of the objective function. In all cases the optimal
control problem was scaled from SI units to an alternate set of units using a length scale
of the radius of the Earth and a time scale of one Schuler period. All other quantities were
scaled to maintain a canonical transformation. Furthermore, it is important to note that the
values of tetrahedral volume in this scaled set of units are extremely small as compared to the
norm of the gradient of the volume. Consequently, in order to properly scale the volume and
its derivatives, the terminal constraint of Eq. (55) was implemented in the basic problem by
taking the 20th root of the volume, i.e. in the basic problem Eq. (55) was implemented as

[0.9VI]1/20 ≤
[
V(tf )

]1/20 ≤ [1.1VI]1/20 (63)

Similarly, the terminal constraint of Eq. (55) was implemented in the extended problem by
taking the 25th root of the volume, i.e. in the extended problem Eq. (55) was implemented as

[0.9VI]1/25 ≤
[
V(tf )

]1/25 ≤ [1.1VI]1/25 (64)

Finally, for both the basic and extended configuration problem, the optimization was carried
out using 15 nodes (i.e. 13 Gauss points) for the thrust phases and 60 nodes (i.e. 58 Gauss
points) for the coast phases.

12 RESULTS

The results in this paper focus primarily on the comparison between the control obtained
by solving the NLP and the control obtained from the first-order optimality conditions of the
discretized HBVP. A separate analysis of the structure of the optimal trajectories for these two
problems can be found in Ref. (24).
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12.1 Results for Basic Problem

The basic problem was formulated to allow two thrust phases and two coast phases. How-
ever, in the optimal solution the second burn phase was of zero duration. Because no control
exits during the coast phases, we can examine the entire control profile by looking at the con-
trol in the first burn phase. Figs. 3-5 show the optimal control profile during this burn phase
for each component of control. The four arcs in each Figure represent the four spacecraft.
Furthermore, it can be seen that the control from the NLP matches well with the estimated
optimal control derived from the first-order optimality conditions of the HBVP.

Estimated Control

NLP Control
0.5

1

1.5

2

2.5

1450 1460 1470 1480 1490 1500 1510 1520

u
r
×

1
0
−3

t (s)

Figure 3: Radial Control Trajectory for Phase 2 of the Basic Configuration Problem.
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Figure 4: Transverse Control Trajectory for Phase 2 of the Basic Configuration Problem.
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Estimated Control
NLP Control
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Figure 5: Normal Control Trajectory for Phase 2 of the Basic Configuration Problem.

Figs. 6-8 show the errors in the three components of control, ∆ur , ∆uθ , and ∆uz, between
the NLP control solution and the optimal control derived from the calculus of variations. In
each component, the maximum error is to the order 10−5. This error can potentially be further
reduced by increasing the number of Gauss points chosen in the discretization.
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Figure 6: Radial Error in Control for Phase 2 of the Basic Configuration Problem.
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Figure 7: Transverse Error in Control for Phase 2 of the Basic Configuration Problem.
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Figure 8: Normal Error in Control for Phase 2 of the Basic Configuration Problem.

12.2 Results for Extended Problem

The extended problem was formulated with four thrust phases and five coast phases. How-
ever, in the optimal solution the third and fourth burn phases were of zero duration. Further-
more, the second burn phase was of zero duration for all but one spacecraft. Consequently,
three of the spacecraft had one-burn solutions, while one had a two-burn solution. Figs. 9-11
show the optimal control profile during this first burn phase for each component of control.
The four arcs in each Figure represent the four spacecraft. Again, it can be seen that the con-
trol output from the NLP matches extremely well with the optimal control derived from the
discrete first-order optimality conditions of the HBVP.
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Figure 9: Radial Control Trajectory for Phase 2 of the Extended Configuration Problem.
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Figure 10: Transverse Control Trajectory for Phase 2 of the Extended Configuration Problem.

13 CONCLUSIONS

In this paper, the first-order optimality conditions obtained from the Gauss pseudospectral
method were derived for a multiple-phase optimal control problem. These optimality condi-
tions were compared with the optimality conditions obtained by discretizing the calculus of
variations problem via the Gauss pseudospectral method. A relationship between the costates
of both sets of conditions was then derived. Costate estimates from the Gauss pseudospectral
method were then used to determine an estimate of the optimal control for a four spacecraft
formation flying problem. It was found that the control obtained from the NLP was in excellent
agreement with the control estimated by the discretized HBVP. This demonstrates the accuracy
and usefulness of the Gauss pseudospectral method.
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Figure 11: Normal Control Trajectory for Phase 2 of the Extended Configuration Problem.
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