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An iterative variable-order hp−adaptive pseudospectral method is presented for

solving optimal control problems. In the method of this paper, the accuracy of

the solution in each segment is assessed by computing the violations in the dis-

cretized differential-algebraic equations at a large number of sample points in each

segment. The accuracy on the subsequent mesh is then improved by redistributing

the collocation points using a functional that depends upon the curvature of the

trajectory. The algorithm iterates on the collocation point distribution until the

accuracy criterion is satisfied to a user-specified tolerance. The method allows for

different degree polynomial approximations in each segment, but the algorithm is

designed in such a manner that the maximum polynomial degree in every segment

remains small. It is found that a computationally efficient algorithm results from

the ability to vary the degree of the polynomial in each segment while keeping the

maximum degree bounded. Finally, an example is considered to demonstrate the

effectiveness of the method.

I. Introduction

In recent years, the class of pseudospectral methods for solving optimal control problems has
increased in popularity.1–8 In a pseudospectral method, the collocation points are chosen based
on accurate quadrature rules and the basis functions are typically Chebyshev or Lagrange polyno-
mials. Pseudospectral methods can be employed in three different forms. In an h−method (also
called a local collocation method), the state is approximated using many fixed- and low-degree seg-
ments. Convergence in an h−method is then achieved by increasing the number of segments. In
a p−method (also called a global collocation method), a single segment is used and convergence
is achieved by increasing the degree of the polynomial. The most well developed pseudospectral
methods are of the p−type and are the Lobatto pseudospectral method,1 the Gauss pseudospectral

method,2,3 and the Radau pseudospectral method.6–8
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The literature on pseudospectral methods has focused largely on p−methods.1–3,7, 8 As it turns
out, however, relying on convergence using a p−method has limitations. For even many smooth
problems it may be possible to obtain an accurate approximation only when a fairly large-degree
global polynomial is used. In addition, the convergence rate of a p−method on a problem whose
formulation or solution is nonsmooth may be extremely slow, resulting in a poor approximation even
when a high degree polynomial is used. A second limitation of a p−method is that the use of a high-
degree global polynomial results in an NLP whose density grows quickly as a function of the number
of NLP variables due to the dense blocks that arise from the global differentiation matrix. Thus,
a p−method becomes computationally intractable for problems when an excessively large-degree
polynomial is required. An alternative to a p−method, as mentioned above, is an h−method.6,9, 10

While h−methods are computationally more tractable than p−methods, they may require that a
large number of mesh intervals be used in order to achieve an acceptable accuracy. Furthermore,
because exponential convergence is lost when using an h− method, achieving a given accuracy may
result in an extremely large NLP. If the NLP is sufficiently large, it may be difficult to solve in a
computationally efficient manner.

In order to increase the utility of pseudospectral methods, in this paper we combine the best
features of both an h−method and a p−method to form a so called hp−method. As its name implies,
an hp−method is one where the number of segments, the segment widths, and the polynomial degree
in each segment is determined algorithmically. Previously, hp−methods have been developed in
the context of finite elements in mechanics and spectral methods in fluid dynamics. In particular,
Refs. 11–15 describe the mathematical properties of h, p, and hp methods for finite elements.
Ref. 16 showed the application of an hp−adaptive least-squares spectral element method (LS-
SEM) for solving hyperbolic partial differential equations. Ref. 17 developed an adaptive spectral
least-squares collocation scheme for Burgers’ equation. Ref. 18 showed the use of an hp−adaptive
LS-SEM for solving the population balance equation, while Ref. 19 developed an hp−adaptive
spectral element solver for reactor modeling. Finally, an overview of hp−adaptive spectral element
methods for solving problems in computational fluid dynamics can be found in Ref. 20.

In this paper we develop a so called hp−adaptive method for solving optimal control problems.
In the method developed in this paper, the accuracy of the solution is improved either by increasing
the degree of the polynomial or increasing the number of low-degree segments. The distribution
of collocation points is determined using the integral of a density function that depends upon the
curvature in each segment. If the density function in a particular segment is large at particular
points in a segment relative to other points in the segment, then the accuracy is increased by
subdividing the segment and using low-degree polynomials in the resulting subdivision. Otherwise,
accuracy is improved by increasing the degree of approximating polynomial in the segment. The
method is demonstrated on an example and is found to be a viable method for efficiently and
accurately solving complex optimal control problems using pseudospectral methods.

It is noted that the method of this paper shares one similarity to the work of Ref. 21. Specifically,
in the method of Ref. 21, the mesh is refined globally based on the integral of a curvature density
function, and the density of collocation points is proportional to the magnitude of the integrated
density function. The method presented here also uses curvature, but differs in many ways from
the method of Ref. 21. First, if a segment needs to be subdivided, the integral of the curvature
function is used within each segment to determine the locations of the new subintervals. As a
result, segments changes are much more local in the method of this paper as compared with the
method of Ref. 21. Furthermore, the algorithm of this paper allows for a different degree polynomial
approximation in each segment. Finally, the growth rate of the mesh in this algorithm is a function
of the error in the current solution and the desired user prescribed accuracy.

This paper is organized as follows. In Section II we define the Bolza optimal control problem.
In Section III we formulate the Radau pseudospectral method, which is the basis for the method
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presented in this paper. In Section IV we present our variable-order adaptive pseudospectral
method. In Section V we provide an application of the method. Finally, in Section VI we provide
conclusions.

II. Bolza Optimal Control Problem

Consider the following fairly general optimal control problem in Bolza form. Minimize the cost
functional

J = Φ(x(t0), t0,x(t0), tf ) +

∫ tf

t0

g(x(t),u(t), t) dt (1)

subject to the dynamic constraints

dx

dt
= f(x(t),u(t), t), (2)

the inequality path constraints
C(x(t),u(t), t) ≤ 0, (3)

and the boundary conditions (i.e., the event constraints)

φ(x(t0), t0,x(t0), tf ) = 0, (4)

where x(t) ∈ R
n is the state, u(t) ∈ R

m is the control, and t is time. For convenience all
quantities will be treated as row vectors, that is, if y(t) ∈ R

q is a vector function of t, then

y(t) ≡
[

y1(t) · · · yq(t)
]

.

Suppose now that we divide the time interval t ∈ [t0, tf ] into K segments [tk−1, tk], (k =
1, . . . ,K), where t0 < t1 < t2 < · · · < tK = tf . In addition, suppose in each segment k ∈ [1, . . . ,K]
the variable t ∈ [tk−1, tk] is transformed to the variable τ ∈ [−1,+1] via the affine transformation

τ =
2t− (tk + tk−1)

tk − tk−1
(tk−1 < tk), (5)

where
dτ

dt
=

2

tk − tk−1
, (k = 1, . . . ,K) (6)

in each segment. Next, let x(k)(τ) and u(k)(τ) be the state and control in segment k in terms of
the variable τ ∈ [−1,+1]. Using Eq. (6), the Bolza optimal control problem of Eqs. (1)–(4) can be
written as follows. First, the cost functional of Eq. (1) can be written as

J = Φ(x(1)(−1), t0,x
(K)(+1), tf ) +

K
∑

k=1

tk − tk−1

2

∫ +1

−1
g(x(k)(τ),u(k)(τ), τ ; tk−1, tk) dτ. (7)

Next, the dynamic constraints of Eq. (2) and the the path constraints of (3) are given in terms of
τ in segment k ∈ [1, . . . ,K], respectively, as

dx(k)(τ)

dτ
=

tk − tk−1

2
f(x(k)(τ),u(k)(τ), τ ; tk−1, tk) (8)

C(x(k)(τ),u(k)(τ), τ ; tk−1, tk) ≤ 0. (9)

Furthermore, the boundary conditions of Eq. (4) are given as

φ(x(1)(−1), t0,x
(K)(+1), tf ). (10)

Finally, due to the division of the problem into multiple segments, it is required that the state be
continuous at each segment interface, that is, x(t−k ) = x(t+k ), (k = 1, . . . ,K − 1).
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III. Radau Pseudospectral Method

The hp−method developed in this paper is developed by discretizing the multiple-segment form
of the Bolza optimal control problem given in Section II using the Radau pseudospectral method.7

First, within each segment k ∈ [1, . . . ,K], the state is approximated using a polynomial of degree
Nk,

x(k)(τ) ≈ X(k)(τ) =

Nk+1
∑

j=1

X
(k)
j L

(k)
j (τ), L

(k)
j (τ) =

Nk+1
∏

l=1

l 6=j

τ − τ
(k)
l

τj − τ
(k)
l

, (11)

where τ ∈ [−1,+1], L
(k)
j (τ), (j = 1, . . . , Nk+1) is a basis of Lagrange polynomials,

(

τ
(k)
1 , . . . , τ

(k)
Nk

)

are the Legendre-Gauss-Radau22 (LGR) collocation points in segment k, and τ
(k)
Nk+1 = +1 is a

noncollocated point. Differentiating X(k)(τ) in Eq. (11) with respect to τ in segment k, we obtain

dX(k)(τ)

dτ
≡ Ẋ(k)(τ) =

Nk+1
∑

j=1

X
(k)
j L̇

(k)
j (τ). (12)

The cost functional of Eq. (7) is then approximated using a multiple-segment LGR quadrature as

J ≈ Φ(X
(1)
1 , t0,X

(K)
NK+1, tK) +

K
∑

k=1

Nk
∑

j=1

tk − tk−1

2
w

(k)
j g(X

(k)
j ,U

(k)
j , τ

(k)
j ; tk−1, tk), (13)

where U
(k)
i , (i = 1, . . . , Nk), are the approximations of the control at the Nk LGR points in

segment k, X
(1)
1 is the approximation of x(t0), and X

(K)
NK+1 is the approximations of x(tf ). Next,

the continuous-time dynamics of Eq. (2) are collocated at the Nk LGR points as

Nk+1
∑

j=1

X
(k)
j D

(k)
ij −

tk − tk−1

2
f(X

(k)
i ,U

(k)
i , τ

(k)
i ; tk−1, tk) = 0, (i = 1, . . . , Nk), (14)

where

D
(k)
ij = L̇

(k)
j (τi),











(i = 1, . . . , Nk)

(i = 1, . . . , Nk + 1)

(k = 1, . . . ,K)

, (15)

is the Nk× (Nk+1) Radau pseudospectral differentiation matrix 7,8 in segment k. Furthermore, the
path constraints of Eq. (3) in segment k ∈ [1, . . . ,K] are enforced at the Nk LGR points as

C(k)(X
(k)
i ,U

(k)
i , τi; tk−1, tk) ≤ 0, (i = 1, . . . , Nk). (16)

Finally, the event constraints are approximated as

φ(X
(1)
1 , t0,X

(K)
NK+1, tK) = 0. (17)

The NLP that arises from the Radau pseudospectral approximation is then to minimize the cost
function of Eq. (13) subject to the algebraic constraints of Eqs. (14)–(17). Just as in the continuous-
time optimal control problem of Eqs. (7)–(10), in the Radau pseudospectral discretization it is
required that the state at the end of any segment be the same as the state at the start of the next
segment. Continuity in the discretized state is maintained by using the same NLP variable for the
state approximation at the end of a segment as is used at the start of the next segment. In other

4 of 14

American Institute of Aeronautics and Astronautics



words, if X
(k)
Nk+1 and X

(k+1)
1 are the approximations to the state at the end of segment k and the

start of segment k + 1, respectively, then a single NLP variable is used for both quantities.
It is useful to observe a few key properties of the Radau pseudospectral method. First, when

used as a single-segment p−method (see Fig. 1), the state is approximated at the Nk colloca-
tion points plus the terminal point, while the control is approximated at only the Nk collocation
points. Replicating the single-segment structure to form a multiple-segment method, the Radau
pseudospectral method has the feature that the control is approximated at every segment interface
(see Fig. 2). Thus, in multiple-segment form, the control is approximated at every point at which
the state is approximated with the single exception of the final point t = tf . Finally, as has been
shown in Refs. 7 and 8 that the differential form of the Radau pseudospectral method (that is,
the form given here) can be written equivalently in implicit integral form. We choose to use the
differential form of the method because it is the more computationally efficient of the two forms.
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Figure 1: Radau Pseudospectral p−Method Collocation and Approximation Points.
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Figure 2: Radau Pseudospectral h−method Collocation and Approximation Points.
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IV. Variable-Order hp−Adaptive Algorithm

A. Assessment of Approximation Error in a Segment

Consider again a Bolza optimal control problem on the time interval t ∈ [t0, tf ], where the problem
has been divided into K segments, the time interval segment k ∈ [1, . . . ,K] is [tk−1, tk], Nk is the
number of collocation points in segment k, and tK ≡ tf . The goal of the hp−adaptive algorithm
is to improve the accuracy of the solution in a computationally efficient manner by determining
if a particular segment of the current mesh has met a specified accuracy tolerance. If a segment
has not met the accuracy tolerance, then the number and distribution of collocation points needs
to be modified either by increasing the degree of approximating polynomial in the segment and/or
further dividing the segment.

Let ǫd be a accuracy tolerance for the discretized differential-algebraic constraints (that is, the
discretized dynamic and path constraints). A segment k is considered to be within the accuracy
tolerance if the maximum violation of the discretized differential-algebraic equations at a set of L
points between collocation points is below ǫd. Unlike the state, which has a polynomial approxima-
tion as given in Eq. (11), the control has no such defined approximation. While any interpolating
function whose value matches the approximation for the control at the Nk LGR (collocation) points
in segment k is acceptable as far as the solution of the NLP is concerned, in this paper the following
(Nk)

th−degree Lagrange polynomial is used to approximate the control in segments (1, . . . ,K−1):

U(k)(τ) =

Nk+1
∑

i=1

U
(k)
i L̂

(k)
i (τ), L̂

(k)
j (τ) =

Nk+1
∏

i=1

i 6=j

τ − τ
(k)
i

τj − τ
(k)
i

, (18)

Because the final point of segment K is not collocated, the following (Nk − 1)th−degree Lagrange
polynomial is used to approximate the control in the final segment:

U(k)(τ) =

Nk
∑

i=1

U
(k)
i L̃

(k)
i (τ), L̃

(k)
j (τ) =

Nk
∏

i=1

i 6=j

τ − τ
(k)
i

τj − τ
(k)
i

, (19)

It is noted in Eq. (18) that the support points of the Lagrange basis L̂(k)(τ) are the Nk LGR points
plus the final point in segment k ∈ [1, . . . ,K − 1], whereas in Eq. (19) the support points of the
Lagrange basis L̃(k)(τ) are the Nk LGR points. Suppose further than we defined a set of L points
(

τ̄
(k)
1 , ..., τ̄

(k)
L

)

∈ [−1, 1] in each segment k ∈ [1, . . . ,K], where the L sample points will be used to

determine the accuracy of the differential-algebraic equations in a particular segment. Evaluating

the differential-algebraic constraints at
(

τ̄
(k)
1 , ..., τ̄

(k)
L

)

, we have

|Ẋ(k)(τ̄
(k)
l )−

tk − tk−1

2
f (k)(X

(k)
l ,X

(k)
l , τ̄

(k)
l ; tk−1, tk)| = e

(k)
l , (20)

C
(k)
1 (X

(k)
l ,U

(k)
l , τ̄

(k)
l ; tk−1, tk) = b

(k)
l , (21)

where l = (1, .., L). If every element of e
(k)
l and b

(k)
l , l ∈ [1, . . . , L], are less than ǫd, then the

current segment is considered an accurate approximation to the optimal control problem. If any

element of e
(k)
l or b

(k)
l is greater than ǫd, then the current segment is not considered accurate for

this approximation and needs to be modified by either increasing the degree of the approximating
polynomial or dividing the current segment into more segments.

It is noted that Eq. (21) measures the quality with which the path constraint of Eq. (3) is
satisfied in segment k at a point l. If we are in a region of the trajectory where the path constraint
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is inactive, b
(k)
l will be negative, and therefore, will always be less than ǫd. If we are in a region

where the path constraint is active, b
(k)
l may have positive values. If any of these positive values

exceeds ǫd, the path constraint is not satisfied to the desired accuracy tolerance.

B. Determination of Polynomial Degree Increase or Segment Division

If the accuracy in segment k needs to be improved, the first step is to determine if this segment
will be modified by increasing the degree of the approximation, Nk, or by subdividing the segment.

Suppose that X
(k)
m (τ) is the component of the state approximation in segment k that corresponds

to the maximum value of either e
(k)
l or b

(k)
l , l ∈ [1, . . . , L], and let this maximum error be denoted

by e
(k)
max. Next, the curvature of the mth component of the state in segment k is computed as

κ(k)(τ) =
|Ẍ

(k)
m (τ)|

∣

∣

∣

∣

[

1 + Ẋ
(k)
m (τ)2

]3/2
∣

∣

∣

∣

. (22)

Let κ
(k)
max and κ̄(k) be the maximum and mean value of κ(k)(τ), respectively, over all components of

the state in segment k. Finally, let

rk =
κ
(k)
max

κ̄(k)
. (23)

If rk < rmax, the curvature is considered uniform in this segment and a larger degree polynomial
is used to obtain a better approximation to segment k. If rk > rmax, then the curvature is large
relative to the rest of the segment and the segment is divided into more segments.

C. Determination of New Polynomial Degree within a Segment

Let N−
k and N+

k denote the number of collocation points in a segment before and after an update of
the polynomial degree in a segment, N+

k is the following function of N−
k , the desired error tolerance,

ǫd, and the maximum violation of our dynamic collocation or path constraint equations, e
(k)
max:

N+
k = N−

k + ceil(log10(e
(k)
max)− log10(ǫd)) +X (24)

where X is an arbitrary integer constant described in Section F and ceil is the operator that rounds
to the next larger integer.

D. Number and Placement of New Segments

Suppose the result of Section B is that segment k needs to be divided into more segments. The fol-
lowing procedure is then used to determine the number of subdivisions. The number of subdivisions
of segment k, denoted nk, is given as

nk = Y ceil(log10 e
(k)
max − log10 ǫd) (25)

where Y is an arbitrary integer constant described in Section F and ceil is the operator that
rounds the argument toward +∞. The locations of the segment breaks for the new segments are
then determined using a curvature density function in a manner similar to that given in Ref. 23.
Specifically, let ρ(τ) be a density function,23

ρ(τ) = cκ(τ)1/3 (26)
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where c is a constant. Next, define F (τ) to be the cumulative distribution function,

F (τ) =

∫ τ

−1
ρ(ζ)dζ, (27)

where c is chosen such that F (+1) = 1. It has been shown in Ref. 23 that placement of mesh points
by ρ results in the best linear piecewise approximation to a curve. For i = (1, 2, . . . , nk), with the
ith subdivision beginning at τi−1, the (i+1)th subdivision starts at F (τi)−F (τi−1) = 1/nk. In this
manner, the density of the subdivision of segment k is proportional to F (τ).

E. hp−Adaptive Algorithm

We now describe our hp−adaptive algorithm that uses the components described in Sections IV–A
through IV–D. First, let m be the minimum allowable polynomial degree (which is equal to the
number of LGR collocation points) in any segment. Next, let K be the number of segments used
on any grid iteration. Furthermore, let m be the polynomial degree chosen in each segment on the
initial grid. Generally, the initial value of K should be large enough so that both a solution can be
obtained on the first grid and the algorithm can iterate to find solutions on subsequent grids, but
should be small enough that a solution on the first grid is obtained in a computationally efficient
manner. The initial polynomial degree m should be small (e.g., two, three, or four collocation
points) so that the NLP is as sparse as possible on the first grid iteration. Once an initial grid of
segments and collocation points within each segment have been chosen, the hp−adaptive algorithm
proceeds as described below.

1. If this is not the first grid iteration, compare the current state solution to the previous state
solution. If the maximum relative difference between these two state solutions is less than ǫ,
then stop. Otherwise, continue to Step 2.

Begin: For i = 1, . . . ,K,

2. Assess violations in the discretized differential-algebraic equations evaluated at a uniformly
distributed set of L points between collocation points in each segment. If the error in the
collocation equations or path constraints at the points sampled between the collocation points
are satisfied to the tolerance ǫd, leave the segment unchanged. Otherwise, continue to Step
3. If the violations in the discretized differential-algebraic equations is less than ǫd in every
segment, then stop.

3. If Nk = m in any segment, compute the curvature and determine the value of rk. If either
rk ≥ rmax or Nk 6= m, proceed to Step 5. If rk < rmax, proceed to Step 4.

4. Determine the new number collocation points, Nk, in each segment by increasing Nk using
Eq. (24).

5. Determine the location and number of segment breaks and set Nk = m in each newly created
segment.

End: For i = 1, . . . ,K.

6. Return to Step 1.
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F. Remarks

The goal of the hp−adaptive algorithm of this paper is to use as many low-degree segments as
possible and only to use larger-degree polynomials in regions where the the solution is smooth. Even
for subdomains of the trajectory where larger-degree polynomials may be appropriate, the degree
of the polynomial approximation is still small when compared with a p−method. The reason for
keeping the maximum degree of the polynomial approximation relatively small is threefold. First,
as discussed, the number of nonzero entries in the NLP constraint Jacobian grows as the square
of the number of global collocation points. Thus, if the degree of the approximating polynomial
in a segment becomes too large, the NLP becomes increasingly dense and the NLP solver has to
work much harder to compute a solution. Second, the difference between the number of nonzero
constraint Jacobian for an h−method and hp−method is small even when the total number of
collocation points is large, provided that the maximum polynomial degree in any segment is small.
Finally, using the argument of exponential convergence for a pseudospectral method, in a segment
where the solution is smooth it should be possible to obtain an accurate solution using a relatively
small number of collocation points in that segment. For all of the examples studied in this paper, a
7th− degree polynomial was the largest ever computed by the algorithm described in Section IV-E.

Next, the algorithm uses the arbitrarily chosen parameters X as described in Eq. (24) that
controls the growth of the number of collocation points in a segment, and Y as described in Eq. (25)
that controls the growth in the number of segments. It is important to understand that a trade-off
exists between using large and small values of either X or Y . If either X or Y is sufficiently large,
the algorithm will utilize fewer grids to converge to an acceptable solution, but the size of the grids
may grow quickly between grids. If either X or Y is small, the meshes will grow much more slowly,
but the algorithm may require a much larger number of grid iterations to achieve an acceptable
solution.

V. Example

The hp−adaptive method of Section IV is now demonstrated on an example. The example
was solved using the open-source software GPOPS5 with the NLP solver SNOPT.24 GPOPS was
modified to include the algorithm of this paper. All computations were performed using a 2.5 GHZ
Core 2 Duo Macbook Pro running Mac OS-X 10.6.3 with MATLAB R2009b. The following values
were used for the parameters described in Section IV: Y = 2, X = 1, L = 30, rmax = 2 and ǫd = 10ǫ.
When comparing the hp−method against a p−method, the same stopping criterion is used. In the
case of a p−method, if a solution is unacceptable, the degree of the global polynomial is increased
by ten until a solution is achieved. When comparing the hp−method against an h−method, the
parameter rmax is set less than one so that only segment division is allowed and the polynomial
degree can never change. Finally, the terminology “hp− x” will be used to denote an hp−method
with a minimum polynomial degree of x. Finally, in the results that follow we will employ a
second-degree Radau h−method.

Consider the following optimal control problem.25 Minimize the cost functional

J = −φ(tf ) (28)
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subject to the dynamic constraints

ṙ = v sin γ,

θ̇ =
v cos γ sinψ

r cosφ
,

φ̇ =
v cos γ cosψ

r
,

v̇ = −D − g sin γ,

γ̇ =
L cosα− cos γ(g − v2/r)

v
,

ψ̇ =
L sinα/ cos γ + v2 cos γ sinψ tanφ/r

v
,

(29)

and the boundary conditions

r(0) = 79248 +Re m , r(tf ) = 24384 +Re m,

θ(0) = 0 deg , θ(tf ) = Free,

φ(0) = 0 deg , φ(tf ) = Free,

v(0) = 7803 m/s , v(tf ) = 762 m/s,

γ(0) = −1 deg , γ(tf ) = −5 deg,

ψ(0) = 90 deg , ψ(tf ) = Free,

(30)

where r is the geocentric radius, θ is the longitude, φ is the latitude, v is the speed, γ is the flight path
angle, ψ is the azimuth angle, α is the angle of attack, σ is the bank angle, and Re = 6371203.92 m
is the radius of the Earth. Further details of this problem, including the aerodynamic model, can
be found in Ref. 25. It is noted that, unlike either of the first two examples where either the control
was discontinuous or an inequality path constraint was active, this problem has a much smoother
solution.

Figs. 3a–3f shows the state obtained using the grid refinement algorithm of Section IV with an
initial grid of 20 uniform segments and three collocation points in each segment. Table 1 shows
results using the p−, h−, hp− 2−, hp− 3− and hp− 4−methods. Because the solution is smooth,
a p−method should perform well. Against intuition, it was not possible to obtain a solution using
the p−method for ǫ > 10−5. Next, the h− and hp−methods outperformed the p−method even
for the accuracy tolerance where a solution could be obtained using a p−method. As the accuracy
tolerance is tightened, the h−method requires a very large number of collocation points to achieve
an acceptable solution, which significantly increased the computational cost when compared with
the hp−methods. On the other hand, all of the hp−methods performed better when compared with
an h approximation with the higher order hp − 4 method performing the best. For ǫ = 10−7 and
ǫ = 10−8, the hp − 4−method produces a solution two orders of magnitude faster with less than
half the Jacobian entries for ǫ = 10−7 and less than a fourth of the Jacobian entries for ǫ = 10−8.
For the lower accuracy solutions, the h− and hp−methods performed similarly.
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ǫ Strategy CPU Time (s) Collocation Points Segments Grid Iterations Jacobian Entries

10−5 p 8.47 30 1 2 7202

hp− 4 4.58 80 20 1 6722

hp− 3 3.86 60 20 1 4682

hp− 2 2.46 45 20 2 3380

h 3.62 50 25 3 3602

10−6 p – – – – –

hp− 4 7.52 88 22 2 7394

hp− 3 11.94 71 23 5 5600

hp− 2 10.05 71 20 5 5934

h 10.91 92 46 4 6626

10−7 p – – – – –

hp− 4 14.81 124 28 2 10850

hp− 3 23.72 132 38 4 10838

hp− 2 70.21 173 44 6 14696

h 150.44 334 167 5 24050

10−8 p – – – – –

hp− 4 41.99 188 39 3 17054

hp− 3 115.89 229 61 5 19388

hp− 2 950.62 483 121 14 41192

h 4078.10 1012 506 8 72866

Table 1: Summary of Accuracy and Speed for Example Problem Using Various Collocation Strate-
gies and Accuracy Tolerances.
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Figure 3: State on Final Grid for Example Problem for the hp− 3, ǫ = 10−5 problem.
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VI. Conclusions

An hp−adaptive control algorithm has been developed for solving optimal control problems
using pseudospectral methods. The method of this paper adjusts the mesh size either by increasing
the number of segments or by increasing the degree of the polynomial approximation in each
segment. The integral of a density function of curvature is used to determine the distribution
of collocation points in each segment on the next mesh. The approach is demonstrated on a
smooth example. When compared against global pseudospectral methods, it is found that the
approach of this paper produces more accurate solutions in a more computationally efficient manner.
Furthermore, the method of this paper produced comparable or better solutions when compared
with fixed-degree local collocation methods.
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