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A Radau pseudospectral method is derived for solving state-inequality path constrained
optimal control problems. The continuous-time state-inequality path constrained optimal
control problem is modified by applying a set of tangency conditions at the entrance of
the activity of the path constraint. It is shown that the first-order optimality condition of
the nonlinear programming problem associated with the Radau pseudospectral method is
equivalent to the Radau pseudospectral discretized first-order optimality conditions of the
modified continuous-time optimal control problem. The method is applied to a classical
state-inequality path constrained optimal control problem and it is found that the solution
accuracy is improved significantly when compared with the accuracy of the solution ob-
tained using the original Radau pseudospectral discretization.

I. Introduction

Over the past two decades direct collocation methods have become increasingly popular in the
numerical solution of complex constrained optimal control problems because they avoid many of
the limitations associated with indirect methods. In even more recent years, a great deal of re-
search has been done on the class of direct collocation pseudospectral methods.>12:16:18=21 In a pseu-
dospectral method, the state is approximated using a basis of either Lagrange of Chebyshev poly-
nomials and the dynamics are collocated at points associated with a Gaussian quadrature. The
most common collocation points, which are the roots of a linear combination of Legendre poly-
nomials or derivatives of Legendre polynomials, are Legendre-Gauss (LG), Legendre-Gauss-Radau
(LGR), and Legendre-Gauss-Lobatto (LGL) points. All three types of Legendre-Gauss quadrature
points are defined on the domain 7 € [—1, 1], but differ significantly in that the LG points include
neither of the endpoints, the LGR points include one of the endpoints, and the LGL points include
both of the endpoints. In addition, the LGR points are asymmetric relative to the origin and are
not unique in that they can be defined using either the initial point or the terminal point.

One important class of optimal control problems that can pose significant computational chal-
lenges using either an indirect or direct method are problems with active inequality path con-
straints.?630 Problems with active state- and control-inequality path constraints can result in a
discontinuous optimal control, while problems with state-inequality path constraints can result in
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a non-smooth state and/or a discontinuous costate. When an inequality path constrained optimal
control problem is solved using an indirect method, the first-order optimality conditions from the
calculus of variations must be modified in order to properly account for possible discontinuities
in the optimal solution. On the other hand, when a direct method is used to solve an inequality
path-constrained optimal control problem, the state is generally approximated using a piecewise
smooth function and any possible discontinuities may not be located at a mesh point that defines
the junction between two piecewise smooth segments.

In this paper we develop a new direct collocation approach for accurately solving continuous-
time optimal control problems with state-inequality path constraints. The approach is motivated
by the results of Ref. 35 where it was shown that the accuracy of the pseudospectral costate esti-
mate can be quite poor due to discontinuities that arise in the presence of active state-inequality
path constraints. The method developed in this paper utilizes a modified version of the Radau
pseudospectral method.!82Y Specifically, the optimal control problem is divided into a mesh such
that the times of the mesh points are included as variables in the optimal control problem. This
leads to an optimal control problem where it is desired to determine not only the optimal state and
control in each mesh interval, but it is also desired to determine the optimal values of mesh point
times. Furthermore, the standard Radau pseudospectral method is reformulated by including a
set of tangency conditions?®) that define the conditions at the start of the constrained arc.

II. Continuous Bolza Optimal Control Problem

Consider the following continuous-time state-inequality path constrained optimal control prob-
lem on the domain ¢ € [ty,ty] = Z, where 7 has been divided into K mesh intervals S, =
[Tk,th] - [to,tf], (k =1,... ,K), where Ty = tg, Tk = tf, T 1 < T, (k‘ =1,... ,K), and
Uszl Sk = Z. Furthermore, without loss of generality we can transform the independent variable
in each mesh interval from ¢ € [T},_1, T}] to 7*) € [~1, 41] via the affine transformation

_ T *2Tk—17(k) n Ty, +2Tk—1

t (1)

The optimal control problem is then stated as follows. Determine the state, y (k) (T(k); Tk—1,Ty) €
R” and the control, u®) (7(¥); T}, 1, T},) € R™, in mesh intervals k € [1,..., K] that minimize the
cost functional

J = o(yW(Ty), To, y (T ), Tic)

K

T — T +1 (2)

+ kzkl/ gy (W Ty, T), o (703 Ty 1), 7™ Ty T
k=1 -1

subject to the dynamic constraint

Mf(y(k) (" Ty, Th), u® (7 W) 13y 1), 78 Ty, T

—V.y® W 1) =0, (k=1,...,K),

the boundary condition
¢y (1), To, y") (Tx), Tic) = 0, 4)

and the state-inequality path constraint

Cly®WE®: 1, 1), 7™ T 1, T) <0, (k=1,...,K). )
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From this point forth the optimal control problem defined in Egs. (2)-(5) will be denoted prob-
lem P. We note that generality is not lost in problem P by considering a scalar state-inequality
path constraint because our approach can be applied to a vector inequality path constraint by con-
sidering each component individually. Furthermore, we consider the specific case of three mesh
intervals (thatis, K = 3) such that on the optimal solution the state-inequality path constraint is in-
active in the first mesh interval, active in the second interval, and again inactive in the third mesh
interval, and the switch times in the path constraint occur at unknown times 17 € I and 15 € I,
T1 < T5. The state-inequality path constraint in problem P can be replaced by the conditions

Y(y?(11),T1) = 0. (6)

where
C(y(2) (T(2) ; Tla T2)7 7—(2) ; Tla TQ)
2

V- Cly® (7@ 1y, 1), 7 Ty, T
Py (T, ), 7 T, To) = v : )T )
VITCyA (@1, 1), 7P 1y, Ty)
along with the following state and control equality path constraint:
VIC(y P (2. 1y, T5), u® (+, 1y, Ty), 7@, Ty, Ty) = 0. (8)

The method described in this paper is then developed using the following modification of problem
P. Minimize the cost functional of Eq. (2) subject to the dynamic constraint of Eq. (3), the boundary
conditions of Eq. (4) and (6), and the path constraint of Eq. (8). This modified optimal control
problem will be referred to henceforth as problem M. It is seen that, unlike problem P, problem
M contains an interior-point constraint due to the tangency conditions that determine the start of
the segment where the inequality path constraint is binding at the optimal solution.

The first-order optimality conditions of problem M obtained using the calculus of variations

are given as®
0 = V,H®, (k=1,2,3), 9)
VAR = —%vymk), (k=1,2,3), (10)
AT = =V, 0)(® = (v, @), (11)
AG(T) = AD(TY) + V) gy (@, ¥), (12)
AO(T) = AP(Ty), (13)
AG(Ts) = V01, (@ — (v, 0)), (14)
T, —T, [T 1 [t!
HOT) = Vi@ (w.g) =~ [ VpuWars ) [ HWan
-1 -1
HO(1) = HO(T) - Vi (w, ), (16)
HO(Ty) = HO(TY), (17)
T3 —Ty, [T I
HO(Ty) = —vﬁuﬁ—@a¢»=322/" VRH“WT+2/"H@wn (18)
-1 -1

where A(7) € R" is the costate, v(7) € R is the Lagrange multiplier associated with the path
constraint of Eq. (8), v € R? is the Lagrange multiplier associated with the boundary condition of
Eq. (4), w € R?is the Lagrange multiplier associated with the tangency conditions of Eq. (6), and

H® = g0+ (AW £0), (k=1,3),

(19)
gk — g(k) + <)\(k)’ f(k)> _ <7(k)7 vgg(’f)>, (k=2)
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is the augmented Hamiltonian.

III. Radau Pseudospectral Method for Problem M

We now discretize problem M using the previously developed Radau pseudospectral method.'8=20
In the Radau pseudospectral method, the state and its time derivative are approximated, respec-

tively, in each mesh interval S, (k=1,...,K), as

Nk+1
YW (r Wi Ty 1, Ty) = YR (7B) - = Z Yz(k)Lgk) <T(k)> )
i=1
Nt (20)
VT(k)y(k) (T(k);Tk_l,Tk) ~ v,,_(k)Y(k) (T(k)) = Z Y T(k)L ( (k)) ,
(k) (8) : : B . : k) _
where (7;7,..., 7y ) are the LGR points defined on 7 € [—1, +1) in mesh interval S, 75", | = +1

is a non-collocated point, Lgk) (1), (¢ =1,..., Nk + 1) is a basis of Nj + 1 Lagrange polynomials
with support points at (Tl(k), e 7'](\;1 ) +1> and defined as

Ni+1 _(k (k)
L (700 = ﬁ —
o Ti(k) ](k)

JF

(21)

Problem M is then approximated by the following nonlinear programming problem (NLP, de-
fined as problem A). Minimize the cost function

3 Ng

Ty — T,
Q(Y£1)7T07Y§\2+17T3 +ZZ 5 = 1 (Y(k) ng)aT](k);Tk‘aTk—l) (22)
k=1 j=1
subject to the algebraic constraints

Ty — Th1 pjxr(k) (k) (k plan ) o
—— G Y T T ZD Y =0, (i=1,...,Np), (23)
vic(y?, U“ T ) = 0, (i=1,....N),  (24)
oY1, TO,YEJH,T?,) = 0, (25)
w(YP, 1) = o, (26)

where D¥) = v, L()< (’“), (i=1,...,Ng, j =1,...,Np + 1) is the Ny x (N + 1) Radau

pseudospectral differentiation matrix'® in mesh interval k, and wj(k) (j = 1,...,N) are the LGR
weights in mesh interval k.
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A. First-Order Optimality Conditions and Transformed Adjoint System of Problem \

The first-order optimality conditions of problem N can be written as (see Ref. 36 for details)

(j=1,...,Ng),
DA (1 T —Tp 1 01 1 .
DALY, = —— =Wl + S5 (<Vyw @ - we) - A), (G=1...M), @8)
1
2) (2 T, — T 2 015 1 2 .
DIUARY, = ~ 5 B 4 5 (Ve + A0 - =T ), @)
1
13) (3 T3 — Ty 3 014 2 3 .
DALy, = - =52yl - 5 (AR A, (j=1,...,N3), (30)
1
3
AW, = VY;V?H (@ — (v, 9)), (31)
HY = Vi, (@ — (v,9)), (32)
H® = H) | -V (w,9), (33)
3 2
B - B, o
HY | = —Vi,(®— (v,9)), (35)
where
%) Ti— Tt <~ () ® LIS 0,0
K gk k— 1k—1 k k k) rp(k
HW(T_y) ~ HY = —2;% Vo, H" + 2;% H)
T 1, | . =123)
K gk b — Tk (k) 77 (k) (k) 77 (k)
H®(Ty) ~ Hy),, = 2;kawj H;" + 2;% H;

Now using the property of D*), (k = 1,2, 3) that DE\IZH = —Dglf])\,l (see Ref. 18), where 1 is a
column vector of all ones, we obtain

Ty — Thoy &

k k k— 4k-1 k k

M = A+ S DI AW, (36)
=1

Combining Egs. (28)-(30) with Eq. (36), we obtain

Ny
1 Ty —1To 1
M = —Vyo (@4 ) = =l Vy HD (Y, Uj ). (37)
j=1
@) v  D-TiA @
2 1 2 — 41 2
>‘N2+1 = VY1(2)<"‘)7¢>+)‘N1+1_ 9 Zw]‘ VyH(Q)(Yjana)\jafyj)a (38)
j=1
® @ DB-Tixx 3)
ANl = AN2+1—Tij Vy H®(Y;,Uj, A7), (39)
j=1

In Egs. (37)—(39) a Legendre-Gauss-Radau quadrature is used as an approximation of the integral
of the costate dynamics, that is,

Ty —Tiy [+ Ty — Ty
AE (1) = A1)+ [ v, B dr =AY 2 A - Ny Wy g
2 -1 2 =1
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has been used in each mesh interval. Thus, from Egs. (37)—(39) we obtain

AO(@) = A = V0 (@ = (0. 9)). (40)
AO(T) = AP = 2O(T0) + Vo (w.9), (41)
AO(Ty) = AP = AP(Ty). (42)

Equations (40)—(42) show that the second terms on the right-hand sides of Eqgs. (28)-(30) are ap-
proximately zero. This shows an equivalence between the transformed adjoint system of the finite
dimensional NLP given by problem N and the first-order optimality conditions of the continuous-
time optimal control problem M.

IV. Example

Consider the following optimal control problem, denoted &, obtained from Ref. 26:

Vizx = v,
1 Vw = u,
€ :{ Minimize } / u’dt subject to z(0) = =z(1)=0, (43)
0 0(0) = —v(1)=1,
z(t) < L

It is seen that the second derivative of the state-inequality path constraint x(¢) < ¢ is an explicit
function of the control variable. Consequently, the original state-inequality path constraint can be
replaced by the tangency conditions

a:(Tl) —/
Y(z(Ty),Ty) = =0 (44)
(z(T1), Th) o(T}) ]
and control equality path constraint
u(t) =0, te [Tl’TQ}. (45)

The modified version of problem £, denoted problem F is then given as follows:

( [ Vi = v,
Vw = u,
1 z(0) = z(1)=0,
F: ¢ Minimize %/ u?dt  subject to v(0) = —v(l)=1, (46)
0 a(Ty) = 0,
’U(Tl) = 0,
L L u(t) = 0 t e [Th, ).

It is known for this example that the inequality path constraint is inactive for ¢ > 1/4, is active at
only a single point for 1/6 < ¢ < 1/4, and is active along a nonzero duration arc for 0 < ¢ < 1/6.
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In the case where 0 < ¢ < 1/6, the optimal solution is

41_ 1_i3}7 0<t<3¢
* ( 35) > U ’ * %’ O§t§3f7
a*(t) =4 ¢, 30<t<1-3¢, NE(t) = ; prs
g[l—(l—%)?’]’ 1-3¢<t<1, 002 < ,
(1-4)° 0<t<30
30 ) <t< , 5 . .
vi(t) =< 0, 3 <t<1-3{, )\Z(t):{ 3 (1 3) g£_<tt_<3f,’
_(_%)27 1-30<t<1, 5 (1-5), :
—5 (1= 57 0<t<3L,
57 (1=, 1-30<t<1

A. Solutions to Problems £ and F

Solutions are now presented to problems £ and F given in Egs. (43) and (46), respectively), using
the version of the Radau pseudospectral method presented in Section IIl. In order to compare
the results obtained using the method developed in this paper against other standard formula-
tions, problem &£ was solved using both fixed and variable mesh points (referred to henceforth
as problems “£r” and “&y”) while problem F [that is, the formulation developed in this paper
and referred to henceforth as problem “73,”] was solved using variable mesh points. When fixed
mesh points were used, the interior mesh points were placed at 7; = 1/3 and 73 = 2/3. When
variable mesh points were used, 71 and 7T, were variables in both the continuous optimal control
problem and the Radau pseudospectral discrete approximation. Because the optimal solution to
this problem is a piecewise cubic, quadratic, and cubic polynomial in the first, second, and third
mesh intervals, respectively, all three problems were solved using N1 = 3, Ny = 2, and N3 = 3
LGR points. All problems were solved using the NLP solver SNOPT.¥ In all results that follows
the state and costate are approximated using the piecewise Lagrange interpolating polynomial
approximations.

Figure 1 shows the state and control for all three aforementioned problems. From these results,
it is seen that even though the discrete solution to problem &y satisfies all the constraints at the
collocation points, it is highly inaccurate and does not satisfy the inequality path constraint x(t) < ¢
once it is interpolated. Next, it is seen that the solution of problem Fy, which corresponds to
the method developed in this paper presented in Section III, produces an accurate state, control,
and costate. Importantly, it is seen that including the tangency conditions and treating the mesh
points as variables in the nonlinear programming problem (NLP), an accurate approximation to
the start and terminus times of the path constraint activity is obtained, therefore capturing the
discontinuities in the solution.

It can be shown that the discontinuity in the optimal costate is not unique. Specifically, this dis-
continuity can occur at either the entrance, exit, or both the entrance and the exit of a constrained
arc. The problem formulation described in this paper (namely, problem Fy, in the case of this ex-
ample), uniquely defines the costate discontinuity in such a manner that it will always occurs at
only the start of the constrained arc. Thus, the method developed in this paper leads to solutions
that resemble those described in Ref. 26. When solving problem &, however, the discontinuity in
the optimal costate is not uniquely defined and, as a result, it may be possible that the NLP solver
will converge to one of the other possible solutions. Figure 2 shows the costate obtained for both
these possible solutions. In particular, it is seen that the optimal costate obtained when solving
problem Fy contains a single discontinuity at the entrance of the constrained arc, while the op-
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timal costate obtained when solving problem £ contains discontinuities at both the entrance and
exit of the constrained arc.

& (Fixed Mesh Points)
& (Variable Mesh Points)
F (Variable Mesh Points)

| 144

Optimal Solution

& (Fixed Mesh Points) 7
& (Variable Mesh Points)
F (Variable Mesh Points)

Optimal Solution
01 02 03 04 01155 06 07 08 09 1501 02 03 04 01155 06 07 08 09

R

(@) z(t) vs. t. (b) v(t) vs. t

& (Fixed Mesh Points)

& (Variable Mesh Points)
F (Variable Mesh Points)

Optimal Solution
001 02 03 04 0}55 06 07 08 09 1

(o) u(t) vs. t

Figure 1: Radau pseudospectral solutions of the state, (z(t),v(t)), and control u(t), for example
obtained by solving problems £r, £y, and Fy .
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Figure 2: Radau pseudospectral solutions
solving problems &, £y, and Fy .
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V. Conclusions

A direct collocation Radau pseudospectral method has been developed to discretize a state-
inequality path constrained continuous-time optimal control problem. It was shown that by mod-
ifying the original state-inequality path constrained, adding a set of conditions that define the
start of the constrained arc, and treating the mesh points as variables, the first-order optimality
conditions of the Radau pseudospectral nonlinear programming problem are a discrete form of
the first-order conditions obtained from the calculus of variations. A classic state-inequality con-
strained optimal control problem was studied in detail to demonstrate the improvement in the
accuracy obtained using the approach developed in this paper over an unmodified Radau pseu-
dospectral method.
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