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A SURVEY OF NUMERICAL METHODS FOR OPTIMAL CONTROL
Anil V. Rao∗
A survey of numerical methods for optimal control is given. The objective of the article is
to describe the major methods that have been developed over the years for solving general
optimal control problems. In particular, the two broad classes of indirect and direct methods
are discussed, the main approaches that are used in each class are described, and an extensive
list is provided to relevant work in the open literature. Several important computational issues
are then discussed and well known software programs for solving optimal control problems
are described. Finally, a discussion is given on how to choose a method.

INTRODUCTION
Optimal control is a subject where it is desired to determine the inputs to a dynamical system that optimize
(i.e., minimize or maximize) a specified performance index while satisfying any constraints on the motion
of the system. Because of the complexity of most applications, optimal control problems are most often
solved numerically. Numerical methods for solving optimal control problems date back nearly five decades
to the 1950s with the work of Bellman.1–6 From that time to the present, the complexity of methods and
corresponding complexity and variety of applications has increased tremendously making optimal control a
discipline that is relevant to many branches of engineering.
Before proceeding to the details of the survey, it is important to distinguish between the terms trajectory
optimization and optimal control. Often, these two terms are used interchangeably. In the case of a problem
where the inputs to the system are static parameters and it is desired to determine the values of these parameters and the trajectory that optimizes a given performance index (i.e., a function optimization problem),
the term “trajectory optimization” is most appropriate. On the other hand, in the case where the inputs to
the systems are themselves functions and it is desired to determine the particular input function and trajectory that optimize a given performance index (i.e., a functional optimization problem), the appropriate term
“optimal control.” In many cases, however, the some of the inputs to the system are static parameters while
other inputs are functions of time. Because this paper considers numerical methods for problems where it is
desired to determine both functions of time and static parameters (i.e., optimal control problems) we will use
the more generic terminology “optimal control problem.”
Numerical methods for solving optimal control problems are divided into two major classes: indirect
methods and direct methods. In an indirect method, the calculus of variations7–17 is used to determine the
first-order optimality conditions of the original optimal control problem. The indirect approach leads to
a multiple-point boundary-value problem that is solved to determine candidate optimal trajectories called
extremals. Each of the computed extremals is then examined to see if it is a local minimum, maximum, or a
saddle point. Of the locally optimizing solutions, the particular extremal with the lowest cost is chosen. In a
direct method, the state and/or control of the optimal control problem is discretized in some manner and the
problem is transcribed18 to a nonlinear optimization problem or nonlinear programming problem19–22 (NLP).
The NLP is then solved using well known optimization techniques.23–28
It is seen that indirect methods and direct method emanate from two different philosophies. On the one
hand, the indirect approach solves the problem indirectly (thus the name, indirect) by converting the optimal
control problem to a boundary-value problem. As a result, in an indirect method the optimal solution is
found by solving a system of differential equations that satisfies endpoint and/or interior point conditions.
On the other hand, in a direct method the optimal solution is found by transcribing an infinite-dimensional
optimization problem to a finite-dimensional optimization problem.
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The two different philosophies of indirect and direct methods have led to a dichotomy in the optimal
control community. Researchers who focus on indirect methods are interested largely in differential equation
theory (e.g., see Ref. 29), while researchers who focus on direct methods are interested more in optimization
techniques. While seemingly unrelated, these two approaches have much more in common than initially
meets the eye. Specifically, as we will discuss later in this survey, in recent years researchers have delved
quite deeply into the connections between the indirect and direct forms. This research has uncovered that the
optimality conditions from many direct methods have a well-defined meaningful relationship. Thus, these
two classes of methods are merging as time goes by.
Several previous works that provide surveys on optimal control have been published in the open literature.
Ref. 30 provides an excellent overview of computational techniques that were used prior to the advent of
the modern digital computer. Ref. 31 provides a summary of advances to that point on the use of gradientbased methods for solving optimal control problems. Ref. 32 provides a history of optimal control from
1950 to 1985, including an elegant historical perspective on the roots of the calculus of variations dating
all the way back to the 1600s.∗ Ref. 34 provides a brief list of commonly used methods for optimal control
developed prior to the 1990s and emphasizes the usefulness of combining indirect methods and direct methods
(called a hybrid approach). Ref. 35 provides a brief description of methods for converting a continuoustime optimal control problem to a parameter optimization problem. Ref. 36 provides an excellent survey
numerical methods for trajectory optimization, discussing both indirect and direct collocation methods. In
addition, Ref. 36 gives an excellent perspective on trajectory optimization applications and development at
government and research centers throughout the United States. This paper is considered complementary to all
of the previously published survey articles on optimal control and trajectory optimization because it reflects
the research that has been done over the past decade in computational optimal control while simultaneously
providing a summary of the vast amount of work that was done prior to the 1990s. Finally, while a great
deal of optimal control research has been done in the aerospace community, this paper attempts to draw
from work that has been done in other engineering disciplines (e.g., chemical engineering) and from work in
applied mathematics.
GENERAL FORMULATION OF AN OPTIMAL CONTROL PROBLEM
An optimal control problem is posed formally as follows. Determine the state (equivalently, the trajectory
or path), x(t) ∈ Rn , the control u(t) ∈ Rm , the vector of static parameters p ∈ Rq , the initial time, t0 ∈ R,
and the terminal time, tf ∈ R (where t ∈ [t0 , tf ] is the independent variable) that optimizes the performance
index
Z
tf

L[x(t), u(t), t; p]dt

J = Φ[x(t0 ), t0 , x(tf ), tf ; p] +

(1)

t0

subject to the dynamic constraints (i.e., differential equation constraints),
ẋ(t) = f [x(t), u(t), t; p],

(2)

Cmin ≤ C[x(t), u(t), t; p] ≤ Cmax ,

(3)

φmin ≤ φ[x(t0 ), t0 , x(tf ), tf ; p] ≤ φmax

(4)

the path constraints
and the boundary conditions

The state, control, and static parameter can each be written in component form as






p1
u1 (t)
x1 (t)
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history of the calculus of variations is also captured in the beautiful monograph by Goldstine.33
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Figure 1: The Three Major Components of Optimal Control and the Class of Methods that Uses Each
Component.

The differential equation of Eq. (2) describes the dynamics of the system while the performance index is a
measure of the “quality” of the trajectory. When it is desired to minimize the performance index, a lower
value of J is “better”; conversely, when it is desired to maximize the performance index, a higher value of J
is “better.”
Typically, an optimal control problem is divided into phases36 p ∈ [1, . . . , P ] and the phases are connected
or linked36 in some meaningful way. A multiple-phase optimal control problem is posed as follows. Optimize
the cost
P
X
J=
J (k)
(6)
k=1

[where the cost in each phase, J (k) , (k = 1, . . . , P ) has the form given in Eq. (1)] subject to the dynamic
constraints


ẋ(k) (t) = f x(k) (t), u(k) (t), p(k) , t ,
(7)

the boundary conditions,



(k)
(k)
(k)
(k)
(k)
≤ φ(k)
φmin ≤ φ(k) x(k) (t0 ), t0 , x(k) (tf ), p(k) , tf
max ,

(8)

the algebraic path constraints


(k)
Cmin ≤ C(k) x(k) (t), u(k) (t), p(k) , t ≤ C(k)
max

(9)

and the linkage constraints








(r )
(r )
(l )
(l )
(r )
(l )
(s)
Lmin ≤ L x(ls ) tf s , u(ls ) tf s , p(ls ) , tf s , x(rs ) (tf s ), u(rs ) tf s , p(rs ) , tf s ≤ L(s)
max .

(10)

In Eq. (10) the parameter S is the number of pairs of phases to be linked, rs ∈ [1, . . . , S] and ls ∈ [1, . . . , S]
are the right phases and left phases, respectively, of the linkage pairs, rs 6= ls (implying that a phase cannot
be linked to itself), and s ∈ [1, . . . , S].
NUMERICAL METHODS USED IN OPTIMAL CONTROL
At the heart of a well-founded method for solving optimal control problems are the following three fundamental components: (1) methods for solving the differential equations and integrating functions; (2) a method
for solving a system of nonlinear algebraic equations; and (3) a method for solving a nonlinear optimization
problem. Methods for solving differential equations and integrating functions are required for all numerical
methods in optimal control. In an indirect method, the numerical solution of differential equations is combined with the numerical solution of systems of nonlinear equations while in a direct method the numerical
solution of differential equations is combined with nonlinear optimization. A schematic with the breakdown
of the components used by each class of optimal control methods is shown in Figure 1.

3

NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS
Consider the initial-value problem37–39 (IVP)
ẋ = f (x(t), t),

x(t0 ) = x0

(11)

Furthermore, consider a time interval [ti , ti+1 ] over which the solution to the differential equation is desired.
In other words, given the value of the state at ti , x(ti ) ≡ xi , it is desired to obtain the state at ti+1 , x(ti+1 ) ≡
xi+1 . Integrating Eq. (11), we can write
xi+1 = xi +

Z

ti+1

ẋ(s)ds = xi +

Z

ti+1

f (x(s), s)ds

(12)

ti

ti

We will now consider two approaches for solving the differential equation: time-marching and collocation.
Time-Marching
In a time-marching method, the solution of the differential equation at each time step tk is obtained sequentially using current and/or previous information about the solution. Time-marching methods are divided
into two categories: (1) multiple-step methods and (2) multiple-stage methods.
Multiple-Step Methods In a multiple-step method, the solution at time tk+1 is obtained from a defined
set of previous values tk−j , . . . , tk where j is the number of steps. The simplest multiple-step method is a
single-step method (where j = 1). The most common single-step methods are Euler methods. Euler methods
have the general form
xk+1 = xk + hk [θfk + (1 − θ)fk+1 ]
(13)
where fk = f [x(tk ), u(tk ), tk ] and θ ∈ [0, 1]. The values θ = (1, 1/2, 0) correspond, respectively, to the particular Euler methods called Euler forward, Crank-Nicolson, and Euler backward. More complex multiplestep methods involve the use of more than one previous time point (i.e., j > 1). The two most commonly
used multiple-step methods are the Adams-Bashforth and Adams-Moulton multiple-step methods38


5
4
Adams-Bashforth:
xk+1 = xk + hk fk + 21 ∇fk + 12
∇2 fk + 83 ∇3 fk + 251
(14)
720 ∇ fk + · · ·
Adams-Moulton:


xk+1 = xk + hk fk − 21 ∇fk −

1
2
12 ∇ fk

−

1
3
24 ∇ fk

and ∇ is the backward difference formula,

∇fk = fk − fk−1

−

19
4
720 ∇ fk

+ ···



(15)

(16)

Euler backward and Crank-Nicolson are examples of implicit methods [because the value x(tk+1 ) appears
implicitly on the right-hand side of Eq. (13)] whereas Euler forward is an example of an explicit method
[because the value x(tk+1 ) does not appear on the right-hand side of Eq. (13)]. When employing implicit
method, the solution at tk+1 is obtained using a predictor-corrector where the predictor is typically an explicit
method (e.g., Euler-forward) while the corrector is the implicit formula. Implicit methods methods are more
stable than explicit methods,37 but an implicit method requires more computation at each step due to the need
to implement a predictor-corrector.
Multiple-Stage Methods Suppose now that we divide the interval [ti , ti+1 ] into K subintervals [τj , τj+1 ]
where
τj = ti + hi αj , (j = 1, . . . , K), hi = ti+1 − ti ,
(17)
and 0 ≤ αj ≤ 1, (j = 1, . . . , K). Each value τj is called a stage . The integral from ti to ti+1 can be
approximated via a quadrature as
Z

ti+1

f (x(s), s)ds ≈ hi

ti

K
X
j=1

4

βj f (xj , τj )

(18)

where xj ≡ x(τj ). It is seen in Eq. (18) that the values of the state at each stage are required in order to
evaluate the quadrature approximation. These intermediate values are obtained as
Z τj
K
X
f (x(s), s)ds ≈ hi
γjl f (xl , τl )
(19)
x(τj ) − x(ti ) =
ti

l=1

If we then combine Eqs. (18) and (19), we obtain the family of K−stage Runge-Kutta methods36, 38–43
Z ti+1
K
X
βj fij
f (x(s), s)ds ≈ hi
ti

j=1

=

fij

f

xi + hi

K
X

γjl fil , ti + hi αj

l=1

!

(20)

A Runge-Kutta method is a time-marching algorithm where the solution at the end of each step is obtained
using the solution at the beginning of the step plus an approximation to the integral across the step. A RungeKutta method can be captured succinctly using the well-known Butcher array,40, 41
α1
..
.
αK

γ11
..
.
γK1

···

γ1K
..
.
γKK

β1

···

βK

···

Using the aforementioned definitions of an explicit and implicit method, a Runge-Kutta method is called
explicit if γjl = 0 for all l ≥ j and is called implicit otherwise. In an explicit Runge-Kutta method, the
approximation at tk+1 is computed using information prior to tk+1 whereas in an implicit Runge-Kutta
method x(tk+1 ) is required in order to determine the solution at tk+1 . In the latter case, the solution is
updated using a predictor-corrector approach.
As it turns out, the Euler methods described in Section are also Runge-Kutta methods of first-order.
Typically, higher-order Runge-Kutta methods are employed. The most well-known Runge-Kutta method is
the classical Runge-Kutta method, given as
k1
k2
k3
k4
xi+1

=
=
=
=
=

hi fi

hi f xi + h2i k1 , ti + h2i

hi f xi + h2i k2 , ti + h2i
hi f (xi + hi k3 , ti + hi )
xi + 61 (k1 + 2k2 + 2k3 + k4 )

(21)

Another well-known Runge-Kutta scheme is the Hermite-Simpson method
x̄
f̄
xi+1

=
=
=

1
2 (xi

+ xi+1 ) + h8i (fi − fi+1 )
f (x̄, ti + h2i )
xi + h6i (fi + 4f̄ + fi+1 )

(22)

The classical Runge-Kutta scheme is a fourth-order method while the Hermite-Simpson scheme is a thirdorder methods. The Butcher arrays for the three Euler methods, the classical Runge-Kutta method, and the
Hermite-Simpson method are shown in Figure 2.
Collocation
Another way to solve differential equations is as follows. Suppose over a subinterval [ti , ti+1 ] we choose
to approximate the state using the following K th -degree piecewise polynomial:
X(t) ≈

K
X

ai (t − ti )k ,

k=0
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t ∈ [ti , ti+1 ]

(23)

0

0

0
1

(a) Euler Forward

0
1/2
1/2
1

0

0

0

1

0

(b) Euler Backward

0
1/2
0
0

0
0
1/2
0

0
0
0
1

0
0
0
0

1/6

1/3

1/3

1/6

0
1/2
1

0

0

1/2

1/2

(c) Crank-Nicolson

0
5/24
1/6

0
1/3
2/3

0
-1/24
1/6

1/6

2/3

1/6

(e) Hermite-Simpson Method

(d) Classical Runge-Kutta

Figure 2: Butcher Arrays for Common Single-Stage and Multiple-Stage Methods for Solving Initial-Value
Problems.

Suppose further that the coefficients (a0 , . . . , aK ) of the piecewise polynomial are chosen to match the value
of the function at the beginning of the step, i.e.,
X(ti ) = x(ti )

(24)

Finally, suppose we choose to match the derivative of the state at the points defined in Eq. (17), i.e.,
Ẋ(τj ) = f (x(τj ), τj ),

(j = 1, . . . , K)

(25)

Equation (25) is called a collocation condition because the approximation to the derivative is set equal to the
right-hand side of the differential equation evaluated at each of the intermediate points (τ1 , . . . , τK ). Collocation methods fall into three general categories:36 Gauss methods, Radau methods, and Lobatto methods. In
a Gauss method, neither of the endpoints tk or tk+1 are collocation points. In a Radau method, at most one
of the endpoints tk or tk+1 is a collocation point. In a Lobatto method, both of the endpoints tk and tk+1 are
collocation points.
Examining the general form of Eq. (20) , it is seen that Euler and Runge-Kutta methods can be thought
of equivalently as either time-marching or collocation methods. When an Euler or a Runge-Kutta method is
employed in the form of collocation, the differential equation is said to be solved simultaneously because all
of the unknown parameters are determined at the same time. Furthermore, collocation methods are said to
simulate the dynamics of the system implicitly because the values of the state at each collocation point are
obtained at the same time (as opposed to solving for the state sequentially as in a time-marching method). In
order to implement simultaneous simulation, the discretized dynamics are written as defect constraints of the
form
ζ j = Ẋ(τj ) − f (x(τj ), τj )
(26)
The defect constraints can then be stacked into a matrix as


ζ1


Z =  ... 
ζM
(k)

(k)

(27)

where Z is a function of the coefficients (a0 , . . . , aK ), (k = 1, . . . , K). The objective then is to determine
the values of these coefficients that result in Z = 0. As an example, the defect constraints for the CrankNicolson method are given as
hk
(fk + fk+1 )
(28)
ζ k = xk+1 − xk −
2
In collocation (i.e., implicit simulation) it is desired to find a solution such that all of the defect constraints
are zero. Finally, one of the key differences between collocation and time-marching is that in collocation it is
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not necessary to use a predictor-corrector because the values of the state at each discretization point are being
solve for simultaneously.
A subset of collocation methods that have seen extensive use in optimal control are orthogonal collocation
methods. The key difference between an orthogonal collocation method and a standard collocation method
is the manner in which the collocation points are chosen. Specifically, in an orthogonal collocation method
the collocation points are the roots of a polynomial that is a member of a family of orthogonal polynomials,
and the polynomial is associated with a quadrature rule for approximating the definite integral of a known
function.38, 39 Common collocation points in orthogonal collocation are those obtained from the roots of
either Chebyshev polynomials or Legendre polynomials. Furthermore, the state in an orthogonal collocation
method is typically approximated on the time interval τ ∈ [−1, 1] as
x(τ ) ≈ X(τ ) =

N
X

ck Lk (τ )

(29)

k=1

where the functions Lk (τ ), (k = 1, . . . , N ) are Lagrange polynomials.38, 39 It is known that Lagrange
polynomials satisfy the isolation property,

1 , k=j
Lk (τi ) =
.
(30)
0 , k 6= j
Equation (29) together with the isolation property leads to the fact that
ck = x(τk )
The use of orthogonal collocation to solve differential equations was originally introduced in Ref. 44. The
benefit of using orthogonal collocation over standard collocation is that the quadrature approximation to a
definite integral is extremely accurate when the collocation points are chosen in an orthogonal manner. For
example, consider the approximation of the integral of a scalar function g(τ ) using an N -point LegendreGauss (LG) quadrature,38, 39, 45
Z 1
N
X
g(τ )dτ ≈
wk g(τk )
(31)
−1

k=1

where τk , (k = 1, . . . , N ) are the Legendre-Gauss points and are the roots of the N th -degree Legendre
polynomial,38, 39 PN (τ ). It is known that Eq. (31) will be exact if g(τ ) is a polynomial of degree 2N − 1 or
less (where it is observed that only N points are used in the quadrature approximation). Thus, the rationale
for using orthogonal collocation is that the accuracy obtained is significantly higher than the number of
collocation points used. Following on a similar approach, other highly accurate quadrature rules include
Legendre-Gauss-Radau (LGR, exact for a polynomial of degree 2N − 2 where N is the number of LGR
points) and Legendre-Gauss-Lobatto (LGL) (LGL, exact for a polynomial of degree 2N − 3 where N is the
number of LGL points). It is noted that the LGR points are the N roots of the polynomial PN −1 (τ ) + PN (τ )
while the LGL points are the roots of ṖN (τ ) together with the points τ = −1 and τ = 1.
Integration of Functions
Because the objective is to solve an optimal control problem, it is necessary to approximate the cost function of Eq. (1). Typically, the cost is approximated using an quadrature that is consistent with the numerical
method for solving the differential equation. For example, if one is using an Euler-forward rule for solving
the differential equation, the cost would also be approximated using Euler-forward integration. In the case of
an orthogonal collocation method, the integration rule is an orthogonally collocated quadrature rule [e.g., if
one is using Legendre-Gauss points, then the Lagrange cost is approximated using a Gauss quadrature as
given in Eq. (31)]. The requirement for consistency in the approximation of the differential equations and
the cost can be thought of in another manner. Any Bolza problem can be converted to a Mayer problem by
adding a state xn+1 and adding the differential equation
ẋn+1 = L[x(t), u(t), t; p]
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(32)

with the initial condition
xn+1 (t0 ) = 0

(33)

Then the cost function of Eq. (1) would be given in Mayer form as
J = Φ[x(t0 ), t0 , x(tf ), tf ; p] + xn+1 (tf )

(34)

A common scheme would then be used to solve the augmented system of differential equations
=
=

ẋ(t)
ẋn+1

f [x(t), u(t), t; p]
L[x(t), u(t), t; p]

(35)

Converting back to Bolza form, the quadrature approximation to the term
Z

tf

L[x(t), u(t), t; p]dt

t0

in Eq. (1) must be the same as the scheme used to solve the system of differential equations given in Eq. (35).
NONLINEAR OPTIMIZATION
A key ingredient to solving optimal control problems is the ability to solve nonlinear optimization or
nonlinear programming problems19–21, 46 (NLPs). An NLP takes the following general mathematical form.
Determine the vector of decision variables z ∈ Rn that minimize the cost function
f (z)

(36)

subject to the algebraic constraints
= 0
≤ 0

g(z)
h(z)

(37)
(38)

where g(z) ∈ Rm and h(z) ∈ Rp . The first-order optimality conditions of the NLP given in Eqs. (36) and
(37), also known as the Karush-Kuhn-Tucker conditions,19–21 are given as
gi (z) = 0,

(i = 1, . . . , m)

(39)

hi (z) ≤ 0,

(i = 1, . . . , p)

(40)

νi ≥ 0,

(i = 1, . . . , p)

νi hi (z) = 0,
∇f (z) +

m
X

(i = 1, . . . , p)

λi ∇gi (z) +

p
X

νi ∇hi (z) = 0

(41)
(42)
(43)

i=1

i=1

The NLP may either be dense (i.e., a large percentage of the derivatives of the objective function and the
constraint functions with respect to the components of z are nonzero) or may be sparse (i.e., a large percentage
of the derivatives of the objective function and the constraint functions with respect to the components of z
are zero). Dense NLPs typically are small (consisting of at most a few hundred variables and constraints)
while sparse NLPs are often extremely large (ranging anywhere from thousands of variables and constraints
to millions of variables and constraints). Numerical methods for solving NLPs fall into categories: gradientbased methods and heuristic methods. Each approach is now described.
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Gradient Methods
In a gradient-based method, an initial guess is made of the unknown decision vector z. At the k th iteration,
a search direction, pk , and a step length, αk , are determined. The search direction provides a direction in Rn
along which to change the current value zk while the step length provides the magnitude of the change to zk .
The update from zk to zk+1 then has the form
zk+1 = zk + αk pk

(44)

In the case of minimization, the search direction is chosen to “sufficiently decrease” the objective function in
the form
f (zk+1 ) ≤ f (zk ) + Kαk ∇f T (zk )pk
(45)
and K is a parameter between 0 and 1. The most commonly used gradient-based NLP solution methods are
sequential quadratic programming23–25, 46 (SQP) and interior-point (IP) or barrier methods. For an equality
constrained problem, the search direction in an SQP method is determined by solving the quadratic program
(QP) problem
min 21 pT Wp + ∇f T (zk )p
p

s.t.

∇cT
i (zk )p − ci (zk ) = 0,
∇cT
i (zk )p − ci (zk ) = 0,

(i ∈ A)
(i ∈ I)

(46)

where A and I are the active and inactive constraint sets, respectively, at the current iteration and Wk is a
positive semi-definite approximation of the Hessian of the Lagrangian, L, where L defined as
L(z, λ) = f (z) − λT c(z)

(47)

Commonly, the matrix Wk is obtained using a quasi-Newton approximation in the form of an update method.
The two most well-known update methods are the Broyden-Fletcher-Goldfarb-Shanno47–50 The BFGS update
for the case of an unconstrained optimization problem is given as follows. At the first step in the optimization,
Wk is generally set to the identity matrix. Then, at each step in the optimization, Wk is updated as
Wk+1 = Wk +

WK sk sT
vk vkT
k Wk
−
T
T
vk sk
sk Wk sk

(48)

where vk = ∇f (zk+1 ) − ∇f (zk ), zk+1 = zk + αk sk , and sk is obtained by solving the equation
Wk sk = −∇f (zk )

(49)

In addition to using a quasi-Newton approximation for the Hessian of the Lagrangian, another common
approach, that ensures global convergence to a solution, is the use of a merit function.46 Essentially, a merit
function combines the objective function with the infeasibilities in the constraints. As an example, in an
interior point method a barrier function is used. Often, the barrier function has the log barrier form,
B(z) = f (z) − µ

m
X

log(ci (z))

(50)

i=1

where µ is a positive parameter. The barrier function is then minimized for a sequence of optimization
problems where µ ↓ 0 (i.e., µ is decreased to zero from above).
Extensive research has been done over the past two decades in SQP and interior point methods. This
research has led to extremely versatile and robust software programs for the numerical solution of NLPs. Examples of well-known software that use SQP methods include the dense NLP solver NPSOL23 and the sparse
NLP solvers SNOPT 24, 25 and SPRNLP.51 Well known sparse interior point NLP solvers include BARNLP,27
LOQO,52 KNITRO,26, 53 and IPOPT.54–56 These NLP solvers are available in a variety of implementations
including FORTRAN, C, MATLAB R , and AMPL.57
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Heuristic Optimization Methods
A heuristic optimization method is fundamentally different from a gradient method. First, a gradient
method is a local method in that, upon convergence, a locally optimal solution will generally be obtained.
A heuristic method, on the other hand, is a global technique.58 An excellent summary of various heuristic
methods can be found in Refs. 59–61 and 62. The main idea behind a heuristic optimization method is that
the search is performed in a stochastic manner as opposed to a deterministic manner.
One well known class of heuristic methods is the class of genetic algorithms. A genetic algorithm is an evolutionary approach63 Essentially, genetic algorithms emulate on a computer mimic evolutionary processes in
genetics.63 Specifically, an initial population of possible solutions to a problem is chosen. Furthermore, each
solution has a particular fitness that reflects the quality of that particular gene. These genes are then recombined (i.e., they are mutated) via a crossover mechanism which results in future generations of populations.
Continuing generationally, those genes with the highest fitness survive to the later generations.
The following five components are fundamental to all GAs:63 encoding, fitness, selection, crossover, and
mutation. An encoding mechanism provides a means to represent the optimization variables in the problem.
An appropriate encoding mechanism is chosen for the problem under consideration (e.g., variables whose
values are real or are integers). For problems with continuous variables it is often the case that the encoding is
done using integers where the number of integers used depends upon the number of significant figures used to
represent the real numbers (e.g., for an interval [-1.34,1.34] we might use the integers [-134,134]). The fitness
function, typically the objective function that is to be optimized, provides a mechanism for evaluating the
quality of each string obtained by the encoding mechanism. Most often, the fitness functions are normalized
to lie on the interval [0,1].63 The selection mechanism is based on the concept of “survival-of-the-fittest”63
In particular, solutions that are “more fit” are more likely to survive to the next generation as compared
to solutions that are “less fit.” Perhaps the most critical aspect of any genetic algorithm is the crossover
mechanism. In crossover, pairs of strings are chosen at random and are crossed. This crossover results in
a child string that has a different fitness (higher or lower) from either of its parents. In the case of a binary
string representation, the crossed strings are subjected to mutation where certain bits in the string are changed
at random.
A heuristic approach related to genetic algorithms is Simulated Annealing.64, 65 In simulated annealing,
each point in the search space is analogous to a state of some physical process and the fitness function is
analogous to an “internal energy” of the system. The goal is to minimize the internal energy of the system.
Using a probabilistic approach, at each step a simulated annealing method decides whether to stay at the
current state in the system or to move to a neighboring state, where the neighbors are specified by the user.
The probability of choosing the current state or a neighboring state depends upon both the difference in the
fitness values and a global temperature parameter.
Another heuristic approach is particle swarm optimization66–68 (PSO). PSO is a population-based stochastic optimization method that is loosely based on the idea of swarms of animals (e.g., a flock of birds, a school
of fish, or a swarm of bees). PSO shares many similarities with GAs in that the algorithm is given an initial
population and optimal solutions are obtained by generational searches. PSO, however, has neither crossover
or mutation. In a PSO, candidate solutions, which are called particles, move through the search space by
following those particles that have the lowest cost at any iteration in the optimization. Each particle then
keeps track of the best solution it has achieved during the process. Simultaneously, the best value of any
neighbors to a particle particle is also tracked. The PSO then moves in a direction toward the particle’s best
solution and the neighbors best solution.
SYSTEMS OF NONLINEAR ALGEBRAIC EQUATIONS
Solving a system of nonlinear algebraic equations is equivalent to root-finding. In the case where all of the
algebraic equations can be written as equalities, we have a problem of the form
g(z) = 0
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(51)

Many methods for root-finding are limited to functions of a scalar variable (e.g., bracketing and bisection
and the secant method69) and, thus, are limited in their functionality. The most common method for multidimensional root-finding is Newton’s method.69 In Newton’s method, an initial guess is made of the vector z.
The iterates are then computed as
 −1
∂g
zk+1 = zk −
f (zk )
(52)
∂z zk
It is well-known that the Newton’s method converges when the initial guess is close to a root. Most systems of
nonlinear equations, however, have multiple solutions. As a result, the root obtained will generally be in the
vicinity of the initial guess and may not be the desired solution. Also, it is seen from Eq. (52 ) that Newton’s
method breaks down when the Jacobian of f (i.e., ∂f /∂z) is singular. In order to ensure that the iterations do
not become undefined, ∂f /∂z is often replaced with a quasi-Newton approximation approximation (e.g., a
BFGS-type47–50 approximation to the Jacobian). In fact, one way of using a quasi-Newton method to finding
the root of a system via an NLP solver. In particular, Eq. (51) can be solved using an NLP solver such as
SNOPT 25, 46 by using a fictitious cost function such as
f (z) = (z − z0 )T (z − z0 )

(53)

where z0 is the initial guess. The optimization problem is then to minimize Eq. (53) subject to the constraint
of Eq. (51). The iterations will then proceed via the update procedure that is used in the NLP solver.
METHODS FOR SOLVING OPTIMAL CONTROL PROBLEMS
With the exception of simple problems (e.g., the infinite-horizon linear quadratic problem70, 71), optimal
control problems must be solved numerically. The need for solving optimal control problems numerically
has given rise to a wide range of numerical approaches. These numerical approaches are divided into two
broad categories: (1) indirect methods and (2) direct methods. The major methods that fall into each of these
two broad categories are described in the next two sections.
INDIRECT METHODS
In an indirect method, the calculus of variations7–17 is used to determine the first-order optimality conditions of the optimal control problem given in Eqs. (1)–(4). Unlike ordinary calculus (where the objective is to
determine points that optimize a function), the calculus of variations is the subject of determining functions
that optimize a function of a function (also known as functional optimization) . Applying the calculus of variations to the optimal control problem given in Eqs. (1)–(4) leads to the first-order necessary conditions for an
extremal trajectory. These conditions are typically derived using the augmented Hamiltonian, H, defined as
H(x, λ, µ, u, t) = L + λT f − µT C

(54)

where λ(t) ∈ Rn is the costate or adjoint and µ(t) ∈ Rc is the Lagrange multiplier associated with the path
constraint. In the case of a single phase optimal control problem with no static parameters, the first-order
optimality conditions of the continuous-time problem are given as follows:
ẋ

=



∂H
∂λ

T

, λ̇ =

−



∂H
∂x

T

u∗ = arg min H

(56)

u∈U

φ(x(t0 ), t0 , x(tf ), tf ) = 0
λ(t0 ) = −

∂Φ
∂φ
+ νT
∂x(t0 )
∂x(t0 )

H(t0 ) =

∂φ
∂Φ
− νT
∂to
∂t0

, λ(tf ) =
, H(tf ) =
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(55)

(57)
∂Φ
∂φ
− νT
∂x(tf )
∂x(tf )

(58)

∂Φ
∂φ
+ νT
∂tf
∂tf

(59)

−

µj (t) = 0, when Cj (x, u, t) < 0,

j = 1, . . . , c

µj (t) ≤ 0, when Cj (x, u, t) = 0,

j = 1, . . . , c

(60)

where U is the feasible control set and ν ∈ Rq is the Lagrange multiplier associated with the boundary
condition φ. Because the dynamics of Eq. (55) arise from differentiation a Hamiltonian, Eq. (55) is called
a Hamiltonian system.10, 11, 72 Furthermore, Eq. (56) is known as Pontryagin’s Minimum Principle73 (PMP)
and is a classical result to determine the optimal control. Finally, the conditions on the initial and final
costate given in Eq. (58) are called transversality conditions11–17, 72, 74 while the conditions on the Lagrange
multipliers of the path constraints given in Eq. (60) are called complementary slackness conditions.19–21
The Hamiltonian system, together with the boundary conditions, transversality conditions, and complementary slackness conditions, is called a Hamiltonian boundary-value problem (HBVP).11, 29, 72 Any solution
(x(t), u(t), λ(t), µ(t), ν) is called an extremal and consists of the state, costate, and any Lagrange multipliers that satisfy the boundary conditions and any interior-point constraints on the state and costate. In
an indirect method extremal trajectories (i.e., solutions of the HBVP) are determined numerically. Because
an indirect method requires solving a multiple-point boundary-value problem, the original optimal control
problem is turned into the problem of solving a system of nonlinear equations of the form
f (z) = 0
gmin ≤ g(z) ≤ gmax

(61)

The three two most common indirect methods are the shooting method, the multiple-shooting method, and
collocation methods. Each of these approaches is now described.
Indirect Shooting Method
Perhaps the most basic indirect method is the shooting method.75 In a typical shooting method, an initial
guess is made of the unknown boundary conditions at one end of the interval. Using this guess, together
with the known initial conditions, the Hamiltonian system Eq. (55) is integrated to the other end (i.e., either
forward from t0 to tf or backward from tf to t0 ) using a method similar to that described in Section . Upon
reaching tf , the terminal conditions obtained from the numerical integration are compared to the known
terminal conditions given in Eqs. (57) and (58) If the integrated terminal conditions differ from the known
terminal conditions by more than a specified tolerance ǫ, the unknown initial conditions are adjusted and the
process is repeated until the difference between the integrated terminal conditions and the required terminal
conditions is less than some specified threshold. One can visualize the simple shooting method as follows.
Suppose it is desired to determine the initial angle of a cannon so that, when a cannonball is fired, it strikes
a desired target (see Figure 3). An initial guess is made for the angle of the cannon and the cannon is fired.
If the cannon does does hit the target, the angle is adjusted (based on the amount of the miss) and another
cannon is fired. The process is repeated until the target is hit. A schematic showing the steps in a typical
implementation of a shooting method is shown in Algorithm 1.
Indirect Multiple-Shooting Method
While a simple shooting method is appealing due to its simplicity, it presents significant numerical difficulties due to ill-conditioning of the Hamiltonian dynamics. The reason for this ill-conditioning is that
Hamiltonian systems have the property that the divergence of the flow of trajectories must be constant, i.e.,




n 
X
∂
∂H
∂H
∂
+
−
≡0
∂xi ∂λi
∂λi
∂xi
i=1

(62)

Equation (62) implies that, in a neighborhood of the optimal solution, there exist an equal number directions
along which the solution will contract and expand and this expansion and contraction takes place at the same
rate (the simultaneous expanding and contracting behavior is due to the fact that many Hamiltonian systems
admit an exponential dichotomy29). As a result, errors made in the unknown boundary conditions will amplify
as the dynamics are integrated in either direction of time. The shooting method poses particularly poor
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Target

Bulls-Eye

Cannon

Figure 3: Schematic of Indirect Shooting Method Using the Analogy of a Cannon Firing a Cannonball to
Strike a Target.
Input: Initial Guess of Unknown Initial Conditions
Output: State-Adjoint Extremal Trajectory
while Error in Terminal Conditions is Larger Than Specified Tolerance do
Integrate Trajectory from t0 to tf ;
Compute Error in Terminal Conditions;
Update Unknown Initial Conditions;
end
Algorithm 1: Algorithm for Indirect Shooting Method.
characteristics when the optimal control problem is hyper-sensitive76–80 (i.e., when time interval of interest is
long in comparison with the time-scales of the Hamiltonian system in a neighborhood of the optimal solution).
In order to overcome the numerical difficulties of the simple shooting method, a modified method, called
the multiple-shooting method,39 has been developed. In a multiple-shooting method, the time interval [t0 , tf ]
is divided into M + 1 subintervals. The shooting method is then applied over each subinterval [ti , ti+1 ] with
the initial values of the state and adjoint of the interior intervals being unknowns that need to be determined.
In order to enforce continuity, the following conditions are enforced at the interface of each subinterval:
+
−
+
y(t−
i ) = y(ti ) ⇐⇒ y(ti ) − y(ti ) = 0

(63)

where y(t) is the combined state-costate vector, i.e.,
y(t) =



x(t)
λ(t)



.

The continuity conditions of Eq. (63) result in vector root-finding problem where it is desired to drive the
+
values of the difference between y(t−
i ) − y(ti ) to zero. It is seen that the multiple-shooting method requires
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Shooting Performed
Over Each Subinterval

y(t) = (x(t), λ(t)) Must Be Continuous
+
Across Each Interface (i.e., y(t−
i ) = y(ti ))

y(t)

t1

t0

t2

tM

t3

tf

Figure 4: Schematic of the Indirect Multiple-Shooting Method.

extra variables be introduced into the problem (i.e., the values of the state and adjoint at the interface points).
Despite the increased size of the problem due to these extra variables, the multiple-shooting method is an
improvement over the standard shooting method because the sensitivity to errors in the unknown initial conditions is reduced because integration is performed over significantly smaller time intervals. Nevertheless,
even multiple-shooting can present issues if a sufficiently good guess of the costate is not used.81 A schematic
of the multiple-shooting method is shown in Figure 4.
Indirect Collocation Methods
In an indirect collocation method, the state and costate are parameterized using piecewise polynomials as
described in Section . The collocation The collocation procedure leads to a root-finding problem where the
vector of unknown coefficients z consists of the coefficients of the piecewise polynomial. This system of
nonlinear equations is then solved using an appropriate root-finding technique.
DIRECT METHODS
Direct methods are fundamentally different from indirect methods. In a direct method, the state and/or
control of the original optimal control problem are approximated in some appropriate manner. In the case
where only the control is approximated, the method is called a control parameterization method.82 When both
the state and control are approximated the method is called a state and control parameterization method. In
either a control parameterization method or a state and control parameterization method, the optimal control
problem is transcribed to a nonlinear optimization problem or nonlinear programming problem19–21, 36, 46
(NLP).
Direct Shooting Method
The most basic direct method for solving optimal control problems is the direct shooting method. The direct
shooting method is a control parameterization method where the control is parameterized using a specified
functional form, e.g.,
m
X
ai ψi (t)
(64)
u(t) ≈
i=1

where ψ(t)i , (i = 1, . . . , m) are known functions and ai , (i = 1, . . . , m) are the parameters to be determined from the optimization. The dynamics are then satisfied by integrating the differential equations using
a time-marching algorithm such as that given in Section . Similarly, the cost function of Eq. (1) is determined
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using a quadrature approximation that is consistent with the numerical integrator used to solve the differential equations. The NLP that arises from direct shooting then minimizes the cost subject to any path and
interior-point constraints. A schematic of a direct shooting method is shown in Figure 2.
Input: Initial Guess of Parameters in Control Parameterization
Output: Optimal Values of Parameters and Optimal Trajectory
while Cost is Not at a Minimum and Constraints Not Satisfied do
Integrate Trajectory from t0 to tf ;
Compute Error in Terminal Conditions;
Update Unknown Initial Conditions By Driving Cost to Lower Value;
end
Algorithm 2: Basic Algorithm of the Direct Shooting Method
Direct Multiple Shooting Method
In a manner similar to that for indirect methods, in a direct multiple-shooting method, the time interval
[t0 , tf ] is divided into M + 1 subintervals. The aforementioned direct shooting method is then used over each
subinterval [ti , ti+1 ] with the values of the state at the beginning of each subinterval and the unknown coefficients in the control parameterization being unknowns in the optimization. In order to enforce continuity, the
following conditions are enforced at the interface of each subinterval:
+
−
+
x(t−
i ) = x(ti ) ⇐⇒ x(ti ) − x(ti ) = 0

(65)

The continuity conditions of Eq. (65) result in vector root-finding problem where it is desired to drive the
+
values of the difference between x(t−
i ) − x(ti ) to zero. It is seen that the direct multiple-shooting method
increases the size of the optimization problem because the values of the state at the beginning of each subinterval are parameters in the optimization. Despite the increased size of the problem due to these extra variables,
the direct multiple-shooting method is an improvement over the standard direct shooting method because
the sensitivity to errors in the unknown initial conditions is reduced because integration is performed over
significantly smaller time intervals. A schematic of direct multiple-shooting method is shown in Figure 5.
Direct Collocation Methods
Arguably the most powerful methods for solving general optimal control problems are direct collocation
methods. A direct collocation method is a state and control parameterization method where the state and
control are approximated using a specified functional form. The two most common forms of collocation
are local collocation and global collocation. A local collocation method follows a procedure similar to that
of Section in that the time interval [t0 , tf ] is divided into S subintervals [ts−1 , ts ], (s = 1, . . . , S) where
tS = tf . In order to ensure continuity in the state across subintervals, the following compatibility constraint
is enforced at the interface of each subinterval:
+
x(t−
i ) = x(ti ),

(s = 2, . . . , S − 1)

(66)

In the context of optimal control, local collocation has been employed using one of two categories of discretization: Runge-Kutta methods and orthogonal collocation methods. In the case of Runge-Kutta, nearly
all of the methods used are implicit83–92 because the stability properties of implicit Runge-Kutta methods are
better than those of explicit methods. The seminal work on orthogonal collocation methods in optimal control is due to Reddien,93 where Legendre-Gauss points was used together with cubic splines. Following on
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Figure 5: Schematic of the Direct Multiple-Shooting Method.

Reddien’s work, Cuthrell and Biegler used LG points together with Lagrange polynomials.94, 95 Interestingly,
Cuthrell95 showed mathematically that the indirect transcription using LG points was equivalent to the KKT
conditions obtained from the NLP of the direct formulation. In the 1990s, orthogonal collocation methods
were developed using higher-order Gauss-Lobatto collocation methods.96–99 Finally, the convergence rates
of an orthogonal collocation method using Legendre-Gauss-Radau (LGR) points was studied.100
Generally, employing direct local collocation leads to a large sparse NLP, i.e., the NLP has thousands to
tens of thousands of variables and a similar number of constraints. Because, however, the NLP is sparse,
many of the derivatives of the constraint Jacobian are zero. This feature of local direct collocation makes
it possible to solve such problem efficiently using appropriate NLP solvers such as SNOPT,24, 25 SPRNLP,51
and KNITRO.26

Pseudospectral (Global Orthogonal Collocation) Methods
In recent years pseudospectral methods have increased in popularity. A pseudospectral method is a global
form of orthogonal collocation, i.e., in a pseudospectral method the state is approximated using a global
polynomial and collocation is performed at chosen points. Thus, as opposed to local collocation, where
the degree of the polynomial is fixed and the number of segments (meshes) is varied, in a pseudospectral
method the number of meshes is fixed and the degree of the polynomial is varied. As with a local orthogonal
collocation method, the basis functions are typically Chebyshev or Lagrange polynomials. Pseudospectral
methods were developed originally to solve problems in computational fluid dynamics101, 102 (CFD). The
rationale for using a global polynomial with orthogonally collocated points is that the approximation will
converge spectrally (i.e., at an exponential rate) as a function of the number of collocation points.
Pseudospectral methods were introduced introduced to the optimal control community in the 1990s and
some of this early work that uses Chebyshev points (with the basis functions being Chebyshev polynomials)
is given in Refs. 103–105. While Chebyshev polynomials can be used, they do not satisfy the isolation
property given in Eq. (30) and, thus, lead to more complicated collocation conditions. As a result, the
majority of pseudospectral methods have employed Lagrange polynomials as basis functions. The three
different categories of pseudospectral methods that use Lagrange polynomials are now described.
Gauss-Lobatto Pseudospectral Methods The first major pseudospectral approach uses the family of GaussLobatto points106, 107 (i.e., either Legendre-Gauss-Lobatto points or Chebyshev-Gauss-Lobatto points). The
Gauss-Lobatto pseudospectral methods of Refs. 106–109 have the common feature that the state is approxi-
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mated globally as
x(τ ) ≈ X(τ ) =

N
X

x(τi )Li (τ )

(67)

i=1

where (τ1 , . . . , τN ) are the N Gauss-Lobatto points which include both endpoints of the time interval. Furthermore, the cost is approximated using a Gauss-Lobatto quadrature,
J≈

N
tf − t0 X GL
wi L[x(τi ), u(τi ), τi ]
2
i=1

(68)

where wiGL , (i = 1, . . . , N ) are the Gauss-Lobatto weights. The resulting collocation equations then have
the form
tf − t0
tf − t0 GL
DGL XGL =
F(XGL , UGL ) ≡
F
(69)
2
2
where DGL is an N × N matrix and

XGL




F(X1 , U1 , τ1 )
X1




..
=  ...  , FGL = 

.
F(XN , UN , τN )
XN

It is noted that the i-th row of either XGL or UGL corresponds to a value of the state or control, respectively,
at the i-th Gauss-Lobatto point. The key features of the structure of Gauss-Lobatto points is that the state
is approximated using a polynomial of degree N − 1 and the derivative of the state (a polynomial of degree
N − 2) is collocated at the N Gauss-Lobatto points. As a result, the differentiation matrix DGL is singular.
Several methods using Gauss-Lobatto points have been developed. The first of these are the Legendre
pseudospectral method106 and the Chebyshev pseudospectral method.107, 109 A more general version of the
Gauss-Lobatto formulation called the Jacobi pseudospectral method110 while a Gauss-Lobatto quadrature
method was developed in Ref. 111. More recently, a Legendre pseudospectral method was developed for
feedback linearizable systems.112
Pseudospectral Method Using Legendre-Gauss Points The second major pseudospectral approach uses
Legendre-Gauss (LG) points.94, 95, 113–115 It is noted that the work of Refs. 94 and 95 is a local LG method
while the work of Refs. 113–116 is a global LG method. In particular, as a global method, Refs. 113–116
describe the Gauss pseudospectral method (GPM). Denoting the LG points by (τ1 , . . . , τN ) (where τ0 = −1,
τ1 > −1 and τN < 1, and τN +1 = 1), in the GPM the state is approximated as
x(τ ) ≈ X(τ ) =

N
X

x(τi )Li (τ )

(70)

i=0

Furthermore, the cost is approximated using a Gauss quadrature,
J≈

N
tf − t0 X GPM
wi L[x(τi ), u(τi ), τi ]
2
i=1

(71)

where wiGPM , (i = 1, . . . , N ) are the Gauss weights. The derivative approximation of Eq. (70) is then
enforced at the N LG-points. The GPM differs fundamentally from the LPM or the CPM because the time
derivative of the state is a polynomial of degree N − 1 and is collocated at N points (as opposed to N + 1
points as in the Gauss-Lobatto pseudospectral methods). In vector form, the GPM can be written as
DGPM X = DGPM
X0 + DGPM
XGPM =
0
1
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tf − t0 GPM
F
2

(72)

where



X1
X0




X =  ...  , XGPM =  ... 
XN
XN


, FGPM


F(X1 , U1 , τ1 )


..
=

.
F(XN , UN , τN )


and the rows of X or XGPM corresponds to the value of the state at the either initial point or one of the N
interior LG points. The value of the state at τN +1 ≡ 1 is then obtained from a Gauss quadrature45 as
XN +1 = X0 +

tf − t0 GPM GPM
w
F
2

(73)

where wGPM is a row vector of Gauss weights. It turns out that DGPM is an N × (N + 1) is full rank
non-square matrix.
Pseudospectral Methods Using Legendre-Gauss-Radau Points Most recently, the use of Legendre-GaussRadau (LGR) points has received attention. First, local orthogonal collocation using LGR points was explored in Ref. 100. Next, two fundamentally different global LGR collocation techniques have been developed. First, in Ref. 117 an LGR method is developed for the special class of infinite-horizon problems. First,
the time interval t ∈ [0, ∞] is transformed to τ ∈ [−1, 1] via the transformation
t=

1+τ
1−τ

(74)

Next, the state is approximated as
x(τ ) ≈ X(τ ) =

N
X

x(τi )Li (τ )

(75)

i=1

where (τ1 , . . . , τN ) are the LGR points. The infinite-horizon cost is then approximated using a Gauss-Radau
quadrature,
N
X
1
wLGR L[x(τi ), u(τi ), τi ]
(76)
J≈
2 i
(1
−
τ
)
i
i=1
where wiLGR , (i = 1, . . . , N ) are the Legendre-Gauss-Radau weights. The collocation equations then have
the form


1
LGR LGR
FLGR , (i = 1, . . . , N )
(77)
D X
= diag
(1 − τi )2
where
XLGR






X1
F(X1 , U1 , τ1 )




..
=  ...  , FLGR = 

.
XN
F(XN , UN , τN )

where it is noted that τN < +1 is the last LGR point (which, by definition is not equal to +1). In addition,
similar to the Gauss-Lobatto pseudospectral methods, the differentiation matrix DLGR in Ref. 117 is singular. In the formulation of Ref. 117, the singularity of Eq. (74) is avoided because no approximation to the
dynamics is made at τ = +1. Consequently, using the approach of Ref. 117 it is not possible to obtain the
solution on the entire infinite horizon of the problem.
A second version of LGR collocation, called the Radau pseudospectral method (RPM), has been developed
in Ref. 118. In particular, the method of Ref. 118 has the feature that it can be used to solve either finitehorizon or infinite-horizon problems. In the RPM, the state is approximated as
x(τ ) ≈ X(τ ) =

N
+1
X
i=1
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x(τi )Li (τ )

(78)

where, again, (τ1 , . . . , τN ) are the LGR points and τN +1 = +1 is a noncollocated point. The finite-horizon
cost is then approximated as
N
tf − t0 X RPM
wi L[x(τi ), u(τi ), τi ]
(79)
J≈
2
i=1

where wiRPM , (i = 1, . . . , N ) are the Legendre-Gauss-Radau weights. The collocation equations then have
the form
tf − t0 LGR
DRPM X = D̃RPM X1 + D̄RPM X̃ =
F
(80)
2
where






F(X1 , U1 , τ1 )
X2
X1






..
..
..
X=

 , FLGR = 
 , X̃ = 
.
.
.
F(XN , UN , τN )

XN +1

XN +1

Similar to the GPM, in the RPM the state is solved for at the LGR points plus the terminal point. It is also
noted that applying the transformation of Eq. (74) leads to a modified version of the RPM for infinite-horizon
problems.118 In the infinite-horizon RPM, the cost function is approximated as
N
X

1
wRPM L[x(τi ), u(τi ), τi ]
(1 − τi )2 i

(81)

DRPM X = D̃RPM X1 + D̄RPM X̃ = TFLGR

(82)

J≈

i=1

while the dynamics are approximated as

where
T = diag
and




X=

X1
..
.
XN +1





1
(1 − τi )2





 , X̃ = 




X2
..
.
XN +1

,

(i = 1, . . . , N )


 , FLGR




F(X1 , U1 , τ1 )


..
=

.
F(XN , UN , τN )

Because in the RPM the state is not collocated at τ = +1, neither the cost of Eq. (81) nor the dynamics of
Eq. (82) are evaluated at τ = +1. The left-hand side of Eq. (82), however, contains an approximation of
the state at N + 1 (where the index N + 1 corresponds to τ = +1 ⇔ t = ∞). As a result, the state in the
infinite-horizon RPM is solved for on the entire horizon. The reader is referred to Ref. 118 for more details
on the Radau pseudospectral method.
Relationship Between Different Pseudospectral Methods From the aforementioned discussion, we can see
how the different pseudospectral methods compare. In the LGL or infinite-horizon LGR approach, the state is
approximated using a global polynomial of degree M and the dynamics are collocated at M + 1 points. This
approach leads to a differentiation operator that is square and singular, because the derivative is collocated
at all of the discretization (i.e., approximation) points. On the other and, in the GPM or the RPM, the state
is approximated using a polynomial of degree M and the dynamics are collocated at M points. In this
second approach, the derivative is not collocated at all of the approximation points, leading to full-rank and
non-square differentiation matrices. Interestingly, the LGL and GPM/RPM approaches are consistent with
their respective quadrature rules for integration (LGL⇔Gauss-Lobatto quadrature; GPM⇔Gauss quadrature;
RPM⇔Radau quadrature). Furthermore, in accordance with the quadrature rules and because the derivative
is not collocated at all of the approximation points, the GPM and the RPM have the feature that the dynamics
can be written equivalently in either differential or implicit integral form. The implicit integral form for the
GPM or RPM is given generically as
tf − t0
AF
(83)
X = X0 +
2
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where A is an integration matrix.113, 118, 119 As described in Ref. 113, the differential form of the GPM or
RPM has the advantage over the integral form that the collocation equations have sparse constraint Jacobians
(whereas in the integral form the GPM/RPM constraint Jacobian is highly dense). We note, however, that in
the differential form all three methods (LPM, GPM, and RPM) have equally sparse constraint Jacobians.
Comparison of GPM/RPM with Other LG/LGR Collocation Schemes As a final point, it is important to
clarify the distinction between the GPM/RPM and the LG/LGR schemes considered in Ref. 120. In particular,
the LG/LGR schemes of Ref. 120 are modifications of the Lobatto pseudospectral method applied to the LG
and LGR points. In other words, in the LG/LGR schemes of Ref. 120, the state is approximated using
Eq. (67), where the indices “1” and “N ” are the first and last collocation point, respectively (and not the
initial and terminal point). Thus, the LG scheme of Ref. 120, the dynamics are collocated and discretized at
the N LG points. Similarly, in the LGR scheme of Ref. 120, the dynamics are collocated and discretized at
the N LGR points. It is seen that the GPM and RPM are fundamentally different from the LG/LGR schemes
of Ref. 120 because the GPM and RPM discretize the state at the collocation points plus any uncollocated
endpoints. In addition, similar to the LPM, the LG/LGR schemes of Ref. 120 employ singular differentiation
matrices whereas the GPM and RPM employ non-square full-rank matrices that lead to the ability to write
the GPM and RPM equivalently in either differential or integral form.
Solving Nonsmooth Problems Using Pseudospectral Methods One drawback to using a pseudospectral
method is due to nonsmoothness. In particular, it is well-known that spectral accuracy only holds when the
functions under consideration are smooth.102, 121 In the case of nonsmooth optimal control problems, several
variations to the basic pseudospectral (orthogonal collocation) methods have been considered. In Ref. 94,
LG points and finite elements were used together with the concept of an orthogonal collocation knot to
divide a nonsmooth problem into finite elements so that discontinuities could be captured. In Ref. 122, an
approach using LGL points is considered where the nonsmooth problem is solved in the same manner as
that used in Ref. 106 and applies a filter to recover the nonsmooth solution to within spectral accuracy. In
Ref. 123 an approach called spectral patching (similar to the approach used Ref. 94) was developed to capture
discontinuities in control without changing the state variable representation at the local of the discontinuity.
Ref. 124 considers the problem of nonlinear transformations between non-sequential trajectory segments and
allows for possible discontinuities at the segment interfaces. Finally, Ref. 125 describes an approach similar
to that of Ref. 123, but allowing for nonlinear transformations of the state between segments.
Costate Estimation Using Pseudospectral Methods A key property of the structure of a pseudospectral
method that was observed elegantly in Ref. 126 is the similarity between the continuous-time first-order optimality conditions [see Eqs. (55)–(60)] and the discrete KKT conditions of the NLP [see Eqs. (39)–(43)].126
One of the first works on costate estimation using pseudospectral methods is that given in Ref. 126, where it
was found that the LGL collocation method106 yielded a “near equivalence” between the indirect and direct
forms. This “near equivalence” exhibited a mismatch at only the boundary points due to a mixture of the
costate dynamics and the transversality conditions. Numerically, this mismatch led to the costate estimates
being “noisy.” As a result, a great deal of research was subsequently done to see if improved costates could
be obtained using LGL points. The first enhancement to the result of Ref. 126 was to introduce closure conditions. Essentially, in the closure conditions the transversality conditions are manually from the discretized
costate dynamic equations at the boundary points.127 The introduction of the closure conditions leads to a
mixed primal-dual problem where the transversality conditions are augmented to the KKT conditions of the
NLP. Realizing that solving such a problem can be cumbersome due to the need to derive the KKT conditions, the closure condition theory was followed by a theory of relaxation where the defect constraints on the
differential equations were solved in a least-squares fashion.128
In parallel with the work on LGL costate estimation, the work on the Gauss pseudospectral method (GPM)
done in Refs. 113–115 showed that Legendre-Gauss points could be used to develop an exact equivalence
between the direct and indirect forms.113–115 In fact, Ref. 113 developed both the integral and derivative
forms of the GPM and showed that the same costate mapping is obtained regardless of which form of the
GPM is used. The work of Refs. 113–115 was fundamentally different from the work of Ref. 126 and 127
because the GPM costate was related to the KKT multipliers of the NLP in a simple algebraic manner.
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Most recently, the aforementioned LGR pseudospectral methods117, 118 have led to costate estimates. The
costate mapping of Ref. 117 shows an equivalence between the indirect and direct forms at the LGR points
for an infinite-horizon problem. Similar to the result using the GPM, the costate mapping of Ref. 118 is also
obtained via a simple algebraic transformation of the KKT multipliers of the NLP. Interestingly, while the
RPM does not have the exact equivalence of the GPM, it does not exhibit the noise that was originally found
in the LGL costate estimation of Ref. 126.
COMPUTATIONAL ISSUES
Four important computational issues that arise in the numerical solution of optimal control problems are
(a) consistent approximations for the solution of differential equations; (b) the scaling of optimal control
problem; (c) exploitation of sparsity in the NLP; and (d) computation of derivatives of the objective and
constraint functions. The manner in which the differential equations are discretized is of great important
because an inconsistent approximation to the differential equations can lead to either nonconvergence or
convergence of the optimization problem to the wrong solution. Scaling and exploitation of sparsity in the
NLP are issues that greatly affect both computational efficiency and convergence of the NLP. Finally, the
manner in which derivatives are computed is of great importance because accurate derivatives can greatly
improve both computational efficiency and reliability. Each of these issues is now discussed.
Consistent Approximations in Discretization of Differential Equations
It is well known that any time-marching method for solving an initial-value problem (IVP) must satisfy the
Lax-Richtmyer equivalence theorem.129, 130 The Lax-Richtmyer equivalence theorem states that any consistent finite difference method for a linear IVPs is convergent if and only if it is stable. While many consistent
and stable schemes have been developed for IVPs, it is not always the case that such methods converge when
used to solve optimal control problems. Schwartz and Polak provide an excellent discussion on consistent
approximations for solving optimal control problems using Runge-Kutta methods84, 85 while Ref. 131 provides a compendium of mathematical theory on consistent approximations in optimal control. In addition,
it was shown in Ref. 86 that the requirements for a stable and consistent Runge-Kutta method are different when solving an optimal control problem as opposed to solving a differential equation. Furthermore,
Ref. 86 showed that, while certain implicit Runge-Kutta methods are convergent for differential equations,
these methods may be divergent for optimal control problems. While it is beyond the scope of this paper to
provide an in-depth analysis of the validity of different discretization method, this brief discussion suggests
that a method must be chosen with care to ensure stability and convergence.
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Scaling
It is known that a properly scaled NLP can be solved much more easily as compared to one that is poorly
scaled. Scaling issues arises most commonly when the relative sizes of variables or constraints in a problem
are vastly different and when the variables or constraints are not close to unit size. The best solution to dealing
with scaling is to scale a problem manually. For problems that arises in flight dynamics where the governing
equations are based on Newton’s and Euler’s laws,132 a common way to scale a problem is via a canonical
transformation of the units. For example, if the original problem is posed in either English or SI units, one
chooses the four fundamental scale quotients for length, speed, time, and mass. Denoting these four scale
quotients as L, V , T , and M , a canonical transformation of units would be obtained by setting
LT
=1
V

(84)

Then, the value of all other scale quotients would be obtained from these four quantities. For example, the
acceleration and force scale quotients, denoted A and F , respectively, would be given as
A =
F

=

V
T
MA

(85)
(86)

While procedures such as canonical scaling are preferred, such approaches do not always work. In such
cases it is necessary to devise automatic methods for scaling optimal control problems. While these methods
tend to be heuristic, the following method, described in Ref. 36, has been found to work well in practice. In
the method of Ref. 36, scale quotients for the state and control are chosen so that the scaled value of these
quantities lies on the interval [−1, 1]. The differential equations are then scaled using the same scale quotients
used to scale the state. Finally, the path and event constraints are scaled by sampling the Jacobians of these
functions at several randomly chosen points. The scale quotients for these constraints are then taken to be the
average of the row norms of these Jacobians.
Sparsity
Sparsity is a key feature that is extremely important to exploit, particularly in the case of direct collocation methods. In particular, it is well known that the vast majority of the derivatives of the defect and path
constraints in a direct collocation method are zero. Because the constraint Jacobians in a direct collocation
method are very large (thousands of to tens of thousands of variables and constraints), it is absolutely essential that only the nonzero derivatives be computed and stored. In fact, NLP solvers such as SNOPT,25, 46
SPRNLP,51 KNITRO,26 and IPOPT,27, 54 take advantage of this sparsity both from the standpoint of computation and memory. Furthermore, SPRNLP,51 KNITRO,26 and IPOPT 27, 54 have the added advantage that
they utilize second derivatives (using the Hessian of the Lagrangian) which turns these NLP solvers from
quasi-Newton methods (where convergence near the optimal solution is superlinear) to Newton methods
(where convergence near the optimal solution is quadratic). An excellent discussion about sparsity and its
importance in direct collocation methods can be found Ref. 36.
Differentiation
As is seen from the earlier discussion, direct methods for optimal control use gradient-based techniques
for solving the NLP. Gradient methods for solving NLPs require the computation of the derivatives of the
objective function and constraints. Perhaps the most obvious way to computing these derivatives is by analytic
differentiation. In fact, some optimal control software has been designed such that the derivatives of many
commonly used models have been coded and can be reused when necessary (e.g., GMAT 133 ). While such
an approach is appealing because analytic derivatives are exact and generally result in faster optimization,
for much software development it is impractical to compute derivatives analytically. As a result, alternative
means must be employed to obtain the necessary gradients.
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The most basic way to estimate derivatives for use in an NLP is by finite difference approximation. The
two most common methods for the finite-difference approximation of a derivative are forward differencing
and central differencing. A forward and central difference approximations to the derivative of a function f (x)
are given, respectively, as
df
dx
df
dx

≈
≈

f (x + h) − f (x)
h
f (x + h) − f (x − h)
2h

(87)
(88)

where h is a perturbation that is sufficiently small to provide a good approximation to the derivative, but
not so small that it creates roundoff error in the computation of f (x + h) − f (x). While finite difference
approximations work for solving some NLPs, for many NLPs using these approximations will result either in
slow convergence to a solution or non-convergence. Because finite difference approximation has limits, more
efficient and more accurate methods for estimating derivatives of functions is an ongoing topic of research
and development.‡
One approach to computing approximations to derivatives that is both accurate and relatively efficient
is complex-step differentiation.134, 135 As its name implies, complex-step differentiation requires that the
programming language allow for complex arithmetic. The basic idea behind complex-step is as follows.
Consider an analytic complex function f = u + iv of the complex variable x + iy. It is known that f satisfies
the Cauchy-Riemann equations,136 i.e.,
∂v
∂u
=
∂x
∂y
∂u
∂y

=

−

∂v
∂x

Then

∂u
v(x + i(y + h)) − v(x + iy)
= lim
(89)
∂x h→0
h
where h is real. Because we are interested in computing the derivative of real-valued functions, we have
y

→

u(x) →
v(x) →

0
f (x)
0

Eq. (89) can then be written as
Im[f (x + ih)]
df
= lim
dx h→0
h

(90)

df
Im[f (x + ih)]
≈
dx
h

(91)

which can be approximated as

Eq. (91) is called the complex-step derivative approximation134, 135 and is not subject to the subtractive cancellation errors associated with real finite difference approximations. It turns out that the complex-step derivative approximation is O(h2 ) accurate (as opposed to O(h) for real finite-differencing). In addition, because
Eq. (91) does not suffer from subtractive cancellation, extremely small values of h can be used, thus providing an extremely accurate derivative.135 Finally, it is noted that the complex-step derivative approximation is
straightforward to implement in MATLAB because MATLAB uses complex numbers by default.∗
While complex-step differentiation is accurate and reasonably efficient, it has a few limitations. First,
complex-step differentiation requires double the memory because of the need to perform complex arithmetic.
‡ Quoting

from the SNOPT User’s Manual,46 “For maximum reliability, compute all gradients.”
a cautionary note, the functions abs, min, and max must be redefined to work properly with complex-step differentiation. See
Ref. 135 for more details.
∗ On
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Second, not all programming languages are easily set up to handle complex functions (e.g., FORTRAN 77,
which is still widely used today). Another powerful approach for the differentiation of functions is automatic
differentiation137–146 has been developed. In automatic differentiation, the derivatives of the functions are
computed to the same precision as they would be if they had been computed analytically. Two commonly
used approaches to automatic differentiation are source transformation137, 138 and function overloading139–146
In a source transformation approach, the code used to compute the functions is transformed into a new code
that is used to compute the derivatives. The most well known source transformation tool that has been
used widely is the program ADIFOR.137, 138 An alternative to source transformation that takes advantage of
modern computer programming languages such as C++ and MATLAB is function overloading. In function
overloading, a class is defined and functions are defined that operate on objects of the class. Because the
language permits function overloading, the built-in functions can be defined to output both the function value
and its derivative. In this manner, the chain rule for differentiation can be implemented in the same number
of operations as would be required to compute the derivatives by hand.
SOFTWARE FOR SOLVING TRAJECTORY OPTIMIZATION PROBLEMS
A wide variety of software tools have been developed for solving trajectory optimization problems. Most
of these software programs use direct methods. One well known software program employing indirect methods is BNDSCO147 which employs a multiple-shooting method. Perhaps the oldest software tool that employs
direct methods is the Program to Simulate and Optimize Trajectories148 (POST). POST was originally developed to solve problems in launch vehicle trajectory optimization and it still in use today for such applications.
The late 1980s saw a transformation in the available tools for solving optimal control problems. This
transformation was coincident with the observation of the power of direct collocation methods. The first
well-known direct collocation software was Optimal Trajectories by Implicit Simulation149 (OTIS). OTIS
is a FORTRAN software that has general-purpose capabilities for problems in aeronautics and astronautics.
OTIS has been used widely in the aerospace and defense industries and its theoretical foundations are found in
Ref. 150. Following shortly after the development of OTIS is the program Sparse Optimal Control Software151
(SOCS). SOCS is an incredibly powerful FORTRAN software that is capable of solving the most challenging optimal control problems one can realistically pose. Some of the applications solved using SOCS are
found in Refs. 152–156. Finally, three other direct collocation FORTRAN programs are MISER,157 Direct
Collocation158 (DIRCOL), Graphical Environment for Simulation and Optimization159 (GESOP), and Nonlinear Trajectory Generation160 (NTG). Like OTIS and SOCS, DIRCOL and GESOP use local direct collocation
techniques while NTG is designed for rapid trajectory generation of differentially flat systems.
In recent years, interest in the particular application of optimal control to space flight has led to the development of several useful programs. One such program is Mission Design and Analysis Software161 (MIDAS)
which is designed to solve complex ballistic heliocentric transfer trajectories for interplanetary space flight
missions. Another tool that has been recently developed is the NASA Generalized Mission Analysis Tool133
(GMAT). Another tool that has been widely used in the last several years is COPERNICUS.162, 163 Both GMAT
and COPERNICUS are designed to solve optimal control problems where the maneuvers can be treated as
either impulsive or finite-thrust burns.
While earlier software programs used compiled languages such as FORTRAN, in recent years, MATLAB R
has become increasingly popular for solving optimization problems. The increased appeal for MATLAB emanates from the fact that MATLAB is an extremely easy environment in which to program along with the fact
that many of today’s most powerful NLP solvers are now available for use in MATLAB R (e.g., standalone
MATLAB mex versions are now available for the NLP solvers SNOPT 24, 25 and KNITRO26 ). In addition, the
TOMLAB164–169 package has facilitated additional solvers for use in MATLAB. In addition, because of major computational improvements, the computational efficiency between MATLAB and compiled languages is
growing ever closer. Examples of MATLAB-based optimal control software programs include RIOTS 95,170
DIDO,171 DIRECT,172 PROPT,173 OPTCONTROLCENTRE,174 and GPOPS.116
It is important to note that all of the optimal control software programs described above incorporate gradient methods for solving the NLP. In a less formal manner, heuristic methods have also been used to solve
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optimal control problems. For example, interplanetary trajectory optimization problems using a genetic algorithm have been considered in Ref. 175,176 while low-thrust orbit transfers using a genetic algorithm have
been studied in Ref. 177 and 178. In addition, a calculus of variations technique has been used together with
a genetic algorithm to optimize low-thrust Mars-to-Earth trajectories for the Mars Sample Return Mission.179
Thus, while gradient methods are somewhat the de facto standard for optimal control, the aforementioned
research demonstrates that genetic algorithms may be well-suited for some applications.
CHOOSING A METHOD
Choosing a method for solving an optimal control problem is based largely on the type of problem to be
solved and the amount of time that can be invested in coding. An indirect shooting method has the advantage
that it is simple to understand and produces highly accurate solutions when it converges. Unfortunately, a
shooting method suffers from numerical problems for a wide range of problems that are summarized elegantly
in the following quote from Ref. 12:
The main difficulty with these methods is getting started; i.e., finding a first estimate of
the unspecified conditions at one end that produces a solution reasonably close to the specified
conditions at the other end. The reason for this peculiar difficulty is the extremal solutions
are often very sensitive to small changes in the unspecified boundary conditions.. . . Since the
system equations and the Euler-Lagrange equations are coupled together, it is not unusual for
the numerical integration, with poorly guessed initial conditions, to produce “wild” trajectories
in the state space. These trajectories may be so wild that values of x(t) and/or λ(t) exceed the
numerical range of the computer!
While the above quotation addresses the fact that the indirect shooting method is extremely sensitive to the
unknown boundary conditions, it does not address the other, perhaps even more important, shortcoming of
indirect shooting: an indirect shooting requires the derivation of the first-order optimality conditions of the
optimal control problem [see Eqs. (55)–(60]! While for simple problems it may be possible to derive the
first-order optimality conditions, deriving such conditions for complex optimal control problems is tedious,
error-prone, and sometimes impossible (e.g., problem with table lookups). Furthermore, the need to derive the
optimality conditions makes implementing indirect shooting difficult in a general-purpose software program.
For example, if it was required to derive first-order optimality conditions, a program such as POST would
become nearly impossible to use because every new problem would require the derivation of these conditions!
A multiple-shooting method overcomes some of the numerical difficulties of standard shooting, but does not
avoid the issue of having to derive the optimality conditions.
The accuracy and robustness of a direct method is highly dependent upon the form of direct method used.
Direct shooting methods are very good for problems where the control can be parameterized in a simple manner (e.g., piecewise linear functions of time) and the problem can be characterized accurately using a small
number optimization parameters. Software programs such as POST perform well on launch vehicle ascent
trajectories because these problems can be approximated accurately using simple control parameterizations.
As the complexity of the problem increases, it becomes more and more apparent that the workhorse for solving optimal control problems is the direct collocation method. The two main reasons that direct collocation
methods work so well is because highly complex problems can be formulated and solved with today’s NLP
solvers. The reason that the NLP solvers can handle such complex problems is because they are designed
to converge with poor initial guesses (e.g., straight line guesses in the state and control) and are extremely
computationally efficient because they exploit the sparsity of the derivatives in the constraints and objective
function. In fact, one of the virtues of the software SOCS is that SPRNLP (the NLP solver used in SOCS)
exploits sparsity in the second derivatives. As a result, SPRNLP will converge at a quadratic rate when it is
in the neighborhood of a minimizing solution to the NLP! Second derivative information, if available, is also
used by the NLP solvers BARNLP, KNITRO,26 and IPOPT.27, 54
In many cases, the solution of an optimal control problem is a means to an end, i.e., the user does not want
to know all of the details about a method, but simply wants to use a software program to provide results so that
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a particular problem of interest can be solved. If one does not wish to become an expert in the technologies
associated with optimal control, it is advisable to obtain a canned software package that allows a user to input
the problem in an intuitive manner. Then the software can simply be run on the problem of interest. It is
always important to understand, however, that canned software can have its issues when things go wrong
because the user may often not understand why.
CONCLUSIONS
A survey of numerical methods for solving optimal control problems has been given. The problem of
solving optimal control problems has been decomposed into the three key components of solving differential
equations and integrating functions, solving nonlinear optimization problems, and solving systems of nonlinear algebraic equations. Using these components, the two classes of indirect and direct methods for solving
optimal control problems have been described. Subsequently, important computational issues have been discussed and several different software tools for solving optimal control problems have been described. Finally,
a brief discussion has been given on how to choose a method.
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